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IBRACON Structures and Materials Journal is now releasing the sixth and last issue of the 2014 vol-
ume. This issue brings five articles on relevant topics on concrete structures and materials. The first 
article describes a study on the properties of peanut husk ashes aiming at its use in cement mortars 
as partial substitute of Portland cement. The next article presents a case study on challenges and 
solutions devised to execute an anti-flotation reinforced concrete slab for the new Sound and Image 
Museum, in Copacabana, Rio de Janeiro. A third article draws on the rheological properties of pumped 
concrete. The goal is an investigation on the effects of important Portland concrete design variables in 
the rheological characteristics of pumped concrete cement pastes. The fourth article describes a mod-
el to predict the flexural behavior of reinforced concrete slabs, combining Mazars damage model for 
simulating concrete cracking, the perfect elastoplastic model for yielding and rupture of the reinforcing 
steel, and the classical theory of laminates. The issue closes with an article on the development and 
behavior analysis of high performance fiber reinforced cement composites applied as a transition layer 
of reinforced beams.

In this issue, we present a list of the reviewers that contributed to our Journal during the year 2014. We 
congratulate the authors and reviewers for the high quality achieved by our Journal.

Américo Campos Filho, José Luiz Antunes de Oliveira e Sousa, Roberto Caldas de Andrade Pinto 
and Romilde Almeida de Oliveira, Editors

A Revista IBRACON de Estruturas e Materiais está lançando o sexto e último número do volume de 
2014. Esta edição traz cinco artigos sobre temas relevantes em materiais e estruturas de concreto. O 
primeiro artigo descreve um estudo sobre as propriedades de cinzas de casca de amendoim, visando 
à utilização como substituto parcial do cimento Portland em argamassas. O artigo seguinte apresenta 
um estudo de caso sobre os desafios e soluções para uma laje de subpressão para o novo Museu 
de Imagem e Som, em Copacabana, Rio de Janeiro. O terceiro artigo baseia-se nas propriedades 
reológicas do concreto bombeado. O objetivo é uma investigação sobre os efeitos das variáveis im-
portantes para o projeto de concreto Portland nas características reológicas de pastas de cimento em 
concreto bombeado. Um modelo para prever o comportamento à flexão de lajes de concreto armado 
é descrito no quarto artigo, combinando modelo de dano de Mazars para simulação de fissuração do 
concreto, o modelo elastoplástico perfeito para escoamento e ruptura da armadura de aço, e a teoria 
clássica de laminados. O volume se encerra com um artigo sobre o desenvolvimento e análise do 
comportamento de compósitos cimentícios de elevado desempenho reforçados com fibras, aplicados 
como substrato de transição em vigas de concreto armado.

Neste número apresentamos uma lista dos colaboradores que contribuíram para a nossa Revista 
durante o ano de 2014. Parabenizamos os autores e revisores pela alta qualidade alcançada pela 
nossa Revista.

Américo Campos Filho, José Luiz Antunes de Oliveira e Sousa, Roberto Caldas de Andrade Pinto 
e Romilde Almeida de Oliveira, Editores
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Abstract  

Resumo

The properties of peanut husk ashes as a potential supplementary material in cement mortars were studied in the laboratory. The ashes were pre-
pared in an electric furnace at 500, 650 and 800 ºC during 180 minutes and used without further treatment. The characterization of ashes includes 
X-Ray fluorescence, X-Ray diffraction, SEM, and determination of pozzolanic activity by conductivity.  The ashes were tested in mortars as partial 
substitute of Portland cement, in a rate of 15 % of substitution. The compression strength of mortars was evaluated between 7 and 120 days, for 
probes prepared using a proportion of cement:sand of 1:3 on weight with water/cement ratio of 0,5 v/v. It was observed that the calcinations condi-
tions influenced the behavior of the ashes, giving better results the ashes obtained at 500 ºC. The compression tests showed values near to 70% 
at 7 days but higher than 80% after 28 days for mortars prepared with ashes, respect to the cement mortar reference.

Keywords: peanut husk ashes, supplementary materials for cement mortar.

Se estudiaron en el laboratorio las propiedades de las cenizas de cáscaras de maní como un potencial material suplementario para morteros de 
cemento. Las cenizas fueron preparadas en un horno eléctrico a 500, 650 y 800 °C durante 180 minutos y utilizadas sin ningún acondicionamiento 
posterior. La caracterización de las cenizas incluye Fluorescencia de Rayos-X, Difracción de Rayos-X, Microscopia Electrónica de Barrido (SEM) y 
determinación de la actividad puzolanica por conductimetria. Las cenizas fueron ensayadas en morteros reemplazando un 15% de este material por 
cemento Portland. Se prepararon probetas usando una proporción cemento:arena 1:3 en peso con una relación agua/cemento 0,5 v/v. Las probetas 
fueron ensayadas para determinar la resistencia a la compresión a edades entre 7 y 120 días. Se observó que las condiciones de calcinación de las 
cáscaras de maní influyen en el comportamiento de las cenizas, siendo 500 °C la temperatura óptima de calcinación. Los ensayos de resistencia 
a la compresión arrojaron valores cercanos al 70 % respecto del patrón a los 7 días y mayores al 80% luego de 28 días para morteros preparados 
con cenizas.

Palavras-chave: cenizas de cáscaras de maní, material suplementario para morteros de cemento.
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1.	I ntroduction

Peanut husks (Arachis Hypogaea) are an abundant agroindustrial 
waste in the region of Córdoba, Argentina, concentrating the 95% 
of the country’s peanut production. Almost 1 million tons were pro-
duced in 2011, generating around three hundred thousand tons of 
husks as waste (Cámara Argentina del Maní, 2012) [1].  Nowa-
days, peanut husks are used in the elaboration of panels [2], pro-
duction of feed lots and for the manufacture of activated carbon 
[3]. The main use is as fuel in industrial processes, which gener-
ates an important amount of ashes used as landfill without added 
value, estimating a production of thirty tons per day of waste [4].                                    
The cement industry is considered as highly contaminating, and 
several developments have been achieved in order to make the 
technologies of construction involving this binder material becomes 
more sustainable [5]. In this sense, the use of supplementary ma-
terials for cement has been widely recognized as a sustainable 
alternative. In general, ashes from industrial processes (fly ashes, 
silica fume, slag, etc.) have demonstrated very good properties 
as pozzolans, because they exhibit binder behavior. This sort of 
ashes have been studied for many years with interesting results 
regarding the physical and mechanical properties and the durabil-
ity of mortars containing these materials as supplement [6, 7, 8, 
9, 10, 11]. 
In addition, ashes from agro industrial wastes are also being used 
as supplementary binder materials, and many research works 
have been done upon these wastes, for instance rice husk ashes 
[12, 13, 14,  15, 16] , wheat straw ashes [17] , sugarcane bagasse 
ashes [18, 19, 20], palm oil ashes [21], dust wood ashes [22]. It 
has been demonstrated that cement added with these ashes have 
a similar or better behavior than normal concrete at ages beyond 
28 days. 
It is well known that the pozzolanic properties of the ashes will 
depend on its chemical composition, parameter associated to the 
nature of agro industrial waste, and to its morphology and crys-
tallographic properties, parameters associated to its burnt condi-
tions[23].
Very few studies have been done upon peanut husk ashes. Iso-
lated examples explore the use of this waste for heavy metal re-
moval [24], or in degumming and refining soy oil [25]. Also, none 
significant literature was found about its potential use as a supple-
mentary material for mortars, finding only a description as a poz-
zolans type N  [26] but with limited information about its charac-
terization. The objective of this study was to characterize chemical 
and morphologically the peanut husk ashes prepared in laboratory 
controlled conditions and determine its pozzolanic behavior, in or-
der to evaluate its potential use as a supplementary material for 
cement of mortars. This work includes the physical, chemical and 
morphological characterization of ashes prepared at 500, 650 and 
800 ºC, the pozzolanic behavior for conductimetric method and the 
compression strength tests of mortars resulting of the replacement 
of a 15% of cement with ashes at different ages, for corroborate 
the results.

2.	 Materials and experimental program

2.1	 Materials used

The peanut husks were provided by Maglione e Hijos S.R.L, from 

its production plant located on Las Junturas, Córdoba, Argentina. 
The husks were milled and only those retained on the 1 mm sieve 
were used. The Ashes were prepared calcinating husks in an elec-
tric furnace at 500, 650 y 800 ºC (PH-1, PH-2, PH-3, respectively), 
with a heating rate of 10 ºC/min, and kept at the scheduled tem-
perature for 3 hours. At the end of this process, the ashes were 
cooled by opening the oven until reaching the room temperature, 
and used without further conditioning. Ordinary Portland Cement 
(OPC) type CPF 40 provided by Holcim conforming IRAM 50000 
norms was used. Grade river sand with fineness modulus of 4.98 
determined according IRAM 1505 norms, and specific gravity of 
2.65 determined according IRAM 1520 norms, was aggregated.  
Ca(OH)2 Anhedra (analytical grade) and H2O MilliQ quality were 
used for conductivity tests.  Cement mortars were made using wa-
ter from line supply, without purification.

2.2	 Testing procedures

2.2.1 Physical and chemical analysis of ashes

The ashes particle size distribution was determined by gravimetric 
assay according to IRAM 1505 norms, using a 0.001 g precision 
balance. The ashes specific gravity was determined according 
IRAM 1520 norms. The ashes mineralogical analysis was carried 
out by X-Ray diffraction (XRD) analyzing the samples prepared in 
random mounts in a Phillips X-Pert PRO PW3040/60 diffractome-
ter, with Cu Kα X-ray radiation, Si monochromator, at 40 Kv and 30 
mA, step scan at 0.3º/min and step size of 0.02 º 2θ. Peaks assign-
ment was made by comparison using the data base of the software 
X`Pert Highscore . Microstructure morphology was observed with 
a scanning electron microscopy (SEM) using a FE-SEM Σigma ap-
paratus. Chemical composition was determined by X-Ray fluores-
cence (XRF) using a Phillips PW 1400 equipment, and comparing 
the intensities of signals with standard references samples.

2.2.2 Pozzolanic activity by conductimetric test

The pozzolanic activity of ashes was evaluated according to the 
basic method which consist in evaluating the conductivity of a 
Ca(OH)2 solution in presence of the pozzolanic material and the 
evolution of this parameter on time [27]. We used the modifica-
tion proposed by Payá et al. [28] for ashes with high content of 
ions, which evaluate the conductivity by a period of 600 h. For this 
experience 200 mL of a Ca(OH)2 solution with a conductivity value 
of approximately 7 mS/cm was kept at 40 ±1 ºC with continuous 
stirring. Then, 5 g of pozzolanic material were added to the solu-
tion, and the conductivity was registered over time (sample A).  On 
the other hand, the same experience was carried out evaluating 
the conductivity of the pozzolanic material in MilliQ water (blank 
B). Finally the pozzolanic behavior of the material was estimated 
analyzing the graphic obtained by the difference between sample 
A and blank B (A-B). 

2.2.3 Compressive strength

Compressive strength tests were carried out according to IRAM 
1622 norms. Prismatic test specimens of 4x4x16 cm were made 
by replacing 15% of cement with previously described ashes: PH-
1, PH-2, and PH-3. A binder:sand proportion of 1:3 on weight and 
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a water/cement (W/C) rate of 0.5, was used. The specimens were 
compacted using a vibrating table, and then covered overnight 
with wet plastic sheets. After twenty four hours, the probes were 
removed from their molds. Finally the probes were cured in water 
at 20 ºC until the point of test ages of 7, 14, 28, 60, 90 and 120 
days. Compressive strength tests were carried out in a 30 t essay 
press, where each specimen was compressed and the maximum 
sustained load was registered. Three specimens were tested at 
each testing age and the average value was reported. The data is 
accepted when measurements have a CV<5% (coefficient of varia-
tion), and we apply de Grubbs Contrast to discard suspected point 
with a confidence interval of 95%. 

3.	 Results and discussions

3.1	 Physical and chemical analysis of ashes

The ashes particle size distribution curves are shown in Fig. [1]. 
It is noted that the particles of ashes without grind, have a hetero-
geneous distribution and that the major percentage is around 100 
and 200 mm. The specific gravity test of ashes PH-1, PH-2, PH-3 
showed an average value of 0.39 g/cm3. 
The mineralogical analysis of ashes carried out by X-ray diffraction is 
shown in Fig. [2], Fig. [3] and Fig. [4], for PH-1, PH-2 and PH-3 respec-
tively.  Small quantities of crystal-phases, as Quartz (Q), Cristobalite 

Figure 1 – Particle size distribution 
of peanut husk ashes
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Figure 2 – X-Ray diffraction of PH-1
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Figure 3 – X-Ray diffraction of PH-2
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Figure 4 – X-Ray diffraction of PH-3
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(C) and SiO2, are present in all cases, but their intensities are more 
significant at 800 ºC, which is consistent with the reported by Martirena-
Hernandez et al (2000) [13]. Crystal phases of Al2O3 were observed in 
PH-3 but not in PH-1 and PH-3. There are no significant crystallograph-
ic pattern differences between ashes obtained at 500 ºC and 650 ºC.
Fig. [5] shows the PH-1 SEM microscopy images with a 700 X and 
10 KX magnifications. Due to the similar superficial characteristics 
of PH-2 and PH-3 with PH-1, their images are not shown. It is seen 
that unmilled ashes exhibit a heterogeneous surface at 700 X. And 

even presenting particles without a defined shape, they maintain 
some characteristic such as the husks structure. At 10 KX a more 
homogeneous surface with micropores is observed.
Chemical composition of ashes determined by X-Ray fluorescence 
is presented in Table [1].
The sum of silica, aluminium, and iron oxides contents is in all cas-
es almost a 50% of the total, corresponding to a type C pozzolan, 
according to ASTM-C618 norms. The content of alkali oxides K2O 
and Na2O is higher than 1.5% permitted by norm, making it not 
advisable for some applications, because of the undesirable alkali-
aggregate reaction in cement mortars [29, 30]. On the other hand, 
the high content of MgO might give expansive reactions [31], an 
undesirable property of cement mortars. The main disadvantage 
of this type of ashes is the low content of SiO2  in comparison with 
other ashes from burnt agro-industrial wastes [32]. 

3.2	 Pozzolanic activity by conductimetric test

The pozzolanic behavior of ashes was rudely determined by the 
reactivity in an unsaturated lime solution at 40 ºC. The graphics of 
conductivity versus time for PH-1, PH-2 and PH-3 in lime solution 
(A), in H2O (B), and the difference between both graphics (A-B) 
are presented in Fig. [6], Fig. [7] and Fig. [8] , respectively.  An 
important increment on conductivity for ashes in pure water is ob-
served, probably due to the presence of CaO, K2O, and other ions 
in smaller proportions, which are dissolved in water in these condi-
tions. This effect was taken in account in the estimation of conduc-
tivity decrement for lime solution after the reaction with ashes. The 
difference between these graphics (A-B) showed clearly the reac-
tion of consumption of Ca++, typical for pozzolanic materials. In the 
period of time evaluated, the conductivity decreased up to 1-2 mS/
cm in all cases, but it is worth noting a little difference on PH-1 con-
ductivities, which might be attributed to a better pozzolanic behav-
ior for this ashes prepared at 500 ºC, Fig. [9]. These observations 
agree with X-Ray diffraction graphics, which indicate the bigger 

Figure 5 – SEM of PH-1 at 700 X and 10 KX

Table 1 – Composition % by mass, 
of ashes PH-1, PH-2 and PH-3

Oxides PH-1 PH-2 PH-3

SiO2 34,1 35,8 36,6

Al2O3 11,6 10,8 10,3

Fe2O3 1,9 1,95 2,2

CaO 13,1 13,7 18,1

K2O 7,1 7,3 6,4

MgO 7,3 5,7 7,2

MnO 0,2 0,3 0,3

Sr ppm 570 555 548

Pb ppm 28 17 16

Zn ppm 168 151 143

Cu ppm 28 21 25

Ni ppm 8 6 6

Cr ppm 16 15 15

Ba ppm 1050 1059 1015
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presence of amorphous silica at low temperatures meaning a bet-
ter pozzolanic behavior, as was also reported by other authors[33].

3.3	 Compressive strength

The Table 2 shows the results of compressive strength tests for 
mortars made with PH-1, PH-2 and PH-3, together with the speci-
men without ashes, M0.
The behavior of compressive strength is similar for MPH-2 and MPH-
3 between 7 and 120 days. The compressive strength of MPH-1 is 

slightly minor than the others at shorter times, improving its behavior in 
longer periods, reaching a greater value than M0 at day 120, Fig. [10].
The Fig. [11] shows the behavior of mortars and the compression 
strength limit established by IRAM 1654 norms, for mortars with ad-
dition of pozzolanic material. The norm establishes as an acceptable 
behavior a value of 75% strength respect to reference mortar M0.  
MPH-2 and MPH-3 showed acceptable values, above 75% respect to 
M0 in all tests, with a behavior near to 85% at day 120. Despite that 
MPH-1 showed a value below 75% at day 7, its behavior at older ages 
increased significantly, reaching a value higher than M0 at day 120.

Figure 6 – Conductivity of ashes, graphics (A-B)
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Figure 7 – Conductivity of ashes, graphics (A-B)
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Figure 8 – Conductivity of ashes, graphics (A-B)
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Figure 9 – Conductivity of ashes, graphics (A-B)
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4.	 Conclusions

The ashes of peanut husks might be used as supplementary mate-
rial for cement, because they have a chemical composition accord-
ing to pozzolans type C, although the alkali content is a little high 
and could give unwanted reactions of the type alkali-aggregate in 
cement, therefore levels of addition should be low. The morphology 
of ashes depends on the burnt temperature of husks, therefore it is 
advisable to control this parameter to avoid the formation of crys-
talline phases in order to increase the reactivity of the ashes, being 
500 ºC a suitable temperature for the calcinations. The ashes can 
be added to cement up to 15% without altering the mechanical 
properties of compressive strength of mortars and keeping the val-
ues permitted by the norm for Argentina.
The addition of peanut husk ashes to local manufacture of cement 
is presented as a potential alternative to decrease the environmen-
tal pollution associated with the production process, also adding 
value to an abundant regional waste, providing important econom-
ic and environmental benefits.

Additional studies on the mechanical and physical properties of 
mortars added with different dosages of peanut husk ashes are 
being carried out, and will be published in the future.
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Abstract  

Resumo

It is common in coastal cities as Rio de Janeiro, that buildings located close to the shoreline have their basements below water table level. In most 
cases, the engineering solution for these buildings is to design a massive anti-flotation slab to satisfy, principally, the issues related to structural 
dimensioning and calculation hypothesis. On the other hand, the execution of this solution imply in significant construction problems related to 
reinforced concrete watertightness and durability. This paper presents a case study about challenges and solutions devised to execute an anti-
flotation, 1m thick, 1200m³ reinforced concrete slab for the new Museu de Imagem e Som (MIS) – Sound and Image Museum, located at 50m 
from the seashore, at Copacabana in Rio de Janeiro, RJ. The results show that concrete proportions, concreting plan and pouring method adopted 
were decisive in obtaining a watertight structure, avoiding thus the employment of traditional waterproofing alternatives.

Keywords: anti-flotation slab, watertight concrete, watertight concrete structures, concrete at seashore.

Tem sido comum em cidades litorâneas, como a do Rio de Janeiro, observar a construção de subsolos em edificações localizadas nas proximida-
des de orlas marítimas. Na maioria dos casos, a solução de engenharia envolvida nesses projetos é o uso de lajes de subpressão com o objetivo 
de garantir, principalmente, os aspectos relacionados com o dimensionamento estrutural e hipóteses de cálculo. No entanto, há complexidades 
significativas quanto à execução desse tipo de solução, no que tange aos aspectos de estanqueidade e durabilidade do concreto armado. Este 
artigo apresenta um estudo de caso sobre os desafios e as engenhosidades envolvidas para concretagem da laje de subpressão em concreto 
armado da nova sede do Museu de Imagem e do Som (MIS), com 1m de espessura e volume de 1200m³, situada a 50m da orla marítima, na 
região de Copacabana, Rio de Janeiro, RJ. Os resultados demonstraram que a composição do concreto, o plano de concretagem e os procedi-
mentos executivos empregados foram decisivos para promover uma estrutura íntegra e com propriedades estanques, dispensando, nesse caso, 
alternativas tradicionais e convencionais de impermeabilização.

Palavras-chave: laje de subpressão, concreto estanque, estanqueidade estruturas de concreto, concreto em orla marítima.
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1.	 Introduction

To make the new building for the Museu de Imagem e do Som 
(MIS) one more international architectural landmark for Rio de Ja-
neiro city, known by the creativity of its artistic expressions and by 
the richness of its musical rhythms, the Secretaria de Estado e Cul-
tura do Rio de Janeiro, together with Fundação Roberto Marinho 
(FRM), promoted recently an important international architectural 
contest, to choose a futurist design. The American architectural bu-
reau Diller Scofidio + Renfro won the contest among other seven 
architectural bureaus selected for the final decision. The design 
was developed in Brazil by the renowned bureau Índio da Costa 
Arquitetura, Urbanismo, Design e Transporte (ICA).
Located at Atlântica avenue, at Copacabana, just at 50m from the 
beach, the new MIS headquarters will substitute the old museum 
premises. The MIS, opened in 1965, is installed simultaneously in 
two places, at Praça XV, located in downtown Rio, and at Lapa. The 
new building will also host the Carmen Miranda Museum, which is 
now located at Flamengo neighborhood (CORBIOLI, 2011)[1].
It should be noted that the American architects proposed a muse-
um as a vertical boulevard, with seven stories, a continuous exter-
nal promenade and a display of sequential ramps and floors. The 
building will have a total area of seven thousand square meters 
approximately, including foyers, box office, wardrobe, exposition 
rooms, auditorium, didactical activities room, shop, cafeteria, pan-
oramic restaurant, bar, terrace, piano bar, belvedere, administra-
tion areas, storage spaces for collections, parking and load/unload 
facilities. The new MIS premises, shown in Figure 1, are being built 
by the construction company Rio Verde. Construction works are 
being managed by the company Engineering.
The building has 2 basement floors and a technical mezzanine 
also located below grade, besides the superior floors. As the build-
ing is being built very close to the sea shore (50m), very special 
procedures and engineering techniques were required to design a 
watertight anti-flotation slab, with considerable volume (1200m³) 
and thickness (1m). 
Other problems are, besides ensuring technical parameters related 

to watertightness and high concrete strength (characteristic com-
pressive strength was specified at fck 50MPa at 28 days), weather 
factors (hot weather, concreting commonly occur at temperatures 
about 35ºC) and logistic (the concrete batch plant is approximate-
ly 30km afar from the working site, mixing trucks drive through a 
tourist route, with heavy traffic. At working days and hours, mixing 
trucks take at last 1 hour to transport the concrete).
The anti-flotation slab was executed during November 2012 and 
January 2013, at an elevation about 10m under sea level. Con-
crete mix proportions, as well as some execution details, mainly 
those related to watertightness will be described below. A substan-
tial part of procedures employed is included in Brazilian current 
standards (ABNT NBR 6118:2007 [2]; ABNT NBR 12655:2006 [3]; 
ABNT NBR 14931:2004 [4]) and in international literature (KOS-
MATKA; WILSON, 2001 [5]; KENNEDY, 2005 [6]; LAMOND; PIEL-
ERT, 2006 [7]). However, most part of procedures was based on 
directives supported by the reference paper published by Helene, 
Terzian e Sardinha (1980) [8].

2.	 Watertightness concept

It is important to explain that concrete, as a material, is capable of 
promoting sufficient conditions for a very low permeability which 
means that it can be considered watertight. As it can promote an 
efficient barrier against water penetration, concrete is largely em-
ployed to build large reservoirs, pools, dams, water and effluent 
treatment plants, etc.
Nevertheless, most problems of employing this potentially “wa-
tertight” material, arose from the difficulty of obtaining the water-
tightness of structures, which depends not only on the material, 
but mainly on proceedings. Thus, besides a material of adequate 
quality, the procedures related to good engineering practices are 
needed to avoid honeycombs, defective compaction, unpredicted 
fissures, construction joints or defective joints through which water 
may percolate.
The watertightness of a concrete structure may be understood as 
the capacity of this structure to avoid percolation of liquids through 

Figure 1 – Future MIS headquarters, Copacabana, Rio de Janeiro, RJ, Images 
by Diller Scofidio + Renfro for the international contest. (Courtesy of ICA)
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walls, joints or slabs that contain those liquids. It mainly involves 
issues related to good construction practices and requiring special 
care during execution.
Thus, it can be understood that to build a successful, watertight an-
ti-flotation slab, at least two aspects shall be carefully and deeply 
considered:
n	 The first one is related to the material (concrete) that shall be 

resistant, sound, of very low permeability and durable;
n	 The second one is related to special cares and procedures that 

constitute the set of good construction practices in order to get 
a final watertight structure.

However, experience has proven that bigger and most frequent 
failures in liquid retaining structures are related more to execution 
techniques and procedures (good construction practices) than to 
material quality.

3.	 Design data, materials and procedures 
	 adopted for MIS

3.1	 Historical and basic design data

Initially, the solution proposed by the structural design bureau, 
Escritório Técnico Julio Kassoy e Mario Franco Eng. Civis Ltda. 
(JKMF), for MIS foundation, consisted in diaphragm walls for lat-
eral retention, cast-in-place piles with steel profiles and structure 
construction downwards from grade up to reach foundation level, 
when direct foundations, columns and a 30cm thick anti-flotation 
slab with tiebacks anchors into earth. Notwithstanding, it was veri-
fied that this procedure would be rather slow. 
Them it was studied a second alternative, drilling provisional tie-
backs anchored to the soil in three lateral faces of the site, where no 
buildings existed at neighbor land plots. In this way it would be pos-
sible to reach the foundation level and build the structure upwards 
at a much higher speed. Main columns would have direct founda-
tions. This method was adopted and at one of the lateral sides of 
the plot (where neighbor buildings existed), provisional slabs were 
built working as horizontal beams, which would enable proceed with 
excavation as those slabs attained required design strength. 
As the site is very close to the sea, and the foundation design 
was given a prize (Prêmio Milton Vargas 2012), during excavation 
procedures the well points for water table depressing had several 
clogging problems and also soil breakouts with the consequent 
flooding of the excavation. Under these conditions it became more 
and more unfeasible the execution of direct foundations, as the soil 
did not remain stable when excavated to execute the foundations. 
The designed method became a painful procedure.
It was then decided to study a radier type foundation, excavating 
the whole construction site to a single level, with a 1,0m thick slab 
that would work as a foundation slab for the columns as well as 
an anti-flotation slab. It was verified too that 1,0m thickness will 
be insufficient for all “embedded footings” inside this anti-flotation 
slab.  Even with a concrete strength of 50MPa, stresses inside the 
slab would be too high for that thickness. To solve this problem, the 
inferior radier elevation was lowered and the columns with higher 
loads had their footing height increased up to 47cm. The cross 
section of some columns was also increased in order to reduce 
the slab punching shear stresses. As this was the adopted solu-
tion, the major challenge consisted in finding a proceeding that 
could assure concrete integrity, avoiding pathological manifesta-

tions that may jeopardize the stress distribution and the structural 
performance. 
In short, the MIS anti-flotation slab was conceived as a trapeze in 
plan view, measuring approximately 51m long (parallel to Atlântica 
Avenue), with sides 25m and 20m, respectively. The four sides are 
embedded into diaphragm walls with variable thickness depending 
on direction, neighbor constructions and soil conditions. The char-
acteristic design compressive concrete strength is fck 50MPa, the 
slab volume is approximately 1200m³ and the mean thickness is 
1m. The slab was reinforced as a “cage” and at intermediate thirds 
in height (at 33cm each), a complementing reinforcing mesh was 
added, having 1 ø 12,5mm each 30cm of spacing in both direc-
tions. The steel/concrete ratio of the anti-flotation slab excepting 
footing and complementary reinforcing is 72kg/m³. Considering 
footing and already mentioned complementing reinforcing, this ra-
tio increases to 105kg/m³.

3.2	 Concrete mix and employed ingredients

The concrete mix for the anti-flotation slab was developed by 
PhD Engenharia (Concrete technology consultancy company for 
Fundação Roberto Marinho) from an extensive laboratory pro-
gram, jointly with Votorantim Cimentos / Engemix S. A. (concrete 
supplier). Prototypes were tested at construction site in secondary 
structures, in order to verify fresh concrete conditions and hard-
ened concrete strengths. The standard ABNT NBR 12655:2006 
“Concreto de cimento Portland – preparo, controle e recebimen-
to – Procedimento” prescriptions were followed, specially item 
5.2.2.2 “Condições especiais de exposição”, as well as minimal 
design specifications:
n	 fck ≥ 50MPa (at 28 days), as specified in concrete structural  

design;
n	 water/cement ratio ≤ 0,4 (linked to aggressiveness class);
n	 mortar ratio from 52 to 55% (related to pouring height and work-

ability);
n	 slump from 16 to 25cm (fluid concrete: related to segregation 

and bleeding issues);
n	 silica fume addition (at least 5%) (high strength concrete and 

AAR prevention);
n	 waterproofing admixture, acting by integral crystallization, pro-

moting self-healing of fissures (dosing ratio depending on con-
centration/supplier).

It should be observed that the waterproofing admixture, acting by 
integral crystallization that promotes self-healing of fissures was 
dosed per manufacturer’s technical instructions, including the rec-
ommendation of obligatory visits of the their technical representa-
tive, who went several times to the concrete batch plant to verify 
procedures. In this case, it was employed 1,0% by cement weight of 
XYPEX NF 500 (concentrated), supplied by MC-Bauchemie Brasil.
It is also important to stress that the chosen mix proportions 
were developed having in mind the ingredients that are avail-
able at Rio de Janeiro (which are not the most appropriate for 
a fluid, high strength concrete, with consequently high elasticity 
modulus, as per design specifications). The worst problem for 
the ingredients was the high fineness modulus of sands. Grain 
grade curves submitted by Engemix, normally employed at Caju 
batching plant, showed lack of fines in both sands (natural and 
artificial) which corresponds to higher fineness modulus (be-
tween 2,3 and 2,9 respectively).
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The mix proportions as well as the suppliers of the ingredients for 
the anti-flotation slab concrete are described in Table 1. It can be 
observed that no water was employed, besides that existing in 
sands (to be subtracted from the whole amount of ice). All mixing 
water was replaced by ice cubes with initial specified temperature 
of -10ºC (delivered by refrigerator trucks with a Thermo King type 
refrigeration unit). The technical specification to accept concrete at 
working site asked for a 20ºC temperature. In reality, that tempera-
ture went up to 25ºC in very hot days. As concreting batches had 
maximum volumes of about 150m³ and the slab had a high rein-
forcement ratio with well distributed rebars through the 1m thick-
ness, the temperature difference in hot days did not imply in fis-
sures of thermal origin. The mean time of arrival, acceptance and 
discharge of mixing trucks was 12 minutes, which is rather quick.
In order to not slowing down the concrete production before con-
creting events, based on a large data obtained from the concrete 
batch plant about sand humidity, it was admitted  the weighted av-
erage of 5% as a constant for both sands (natural and artificial) 
and, consequently, the amount of ice was also constant for each 
mixing truck. This amount was calculated as 130kg per cubic me-
ter, with the explicit exception written in the technical specification 
of a corrective procedure in case of rainy days or if very high hu-
midity batches of sand were detected by the control technicians at 
the concrete mix plant.

3.3	 Execution recommendations

The whole technical specification was elaborated based on ref-
erence paper  “Considerações sobre estanqueidade de estru-
turas de concreto” published by Helene, Terzian and Sardinha 
(1980) [8]. Besides basic guidelines exposed in the paper about 
lean concrete/structural concrete interface treatment, assur-
ance of rebar recover and placing, other procedures were es-
sential to assure the watertightness of the structure, the main 

one was related to concreting joints and the other with proceed-
ings. Besides general recommendations, the Contractor Rio 
Verde team, which was responsible for project execution, was 
given specific technical guidelines about proceedings for anti-
flotation slab by PhD consultants.

3.3.1 Concreting joints

Principally, due to time limits for mixing trucks circulation at Copa-
cabana coastal avenue, as well as existing legislation related to 
noise produced by construction sites, it was not possible to pro-
gram slab concreting in a single, continuous event, what would be 
ideal (and feasible) by the use of special additives and procedures. 
Concreting, thus, was divided into 10 different phases (determined 
by the structural designer).
When casting a concrete watertight structure, construction joints 
or concreting joints are one of the most sensible points which ask 
for more attention. Execution shall be planned in a way to minimize 
nonconformities at these points.
At all concreting joints, it was recommended to use poultry wire 
mesh as an incorporated formwork, structured by the steel rein-
forcement existing at the joint, together with hydro swelling tapes. 
Reinforcement design included an “C” clamp shaped bar each 
25cm, designed to work as a support to tie the mesh, all the way 
up every joint (at one of the sides). Thus, a vertical joint was ob-
tained, allowing concrete to be duly vibrated through the whole 
slab and principally next to concreting joints, which are the most 
critical places. The typical detail of the poultry wire mesh used as 
an incorporated formwork and of the hydro swelling tape at the 
slab, can be seen in the perspective of Figure 2.
It should be noted that the ideal location for the hydro swelling tape 
should be as close to the wire mesh bottom as possible. However, 
when the reinforcement for the next concreting phase is already 
completed, this place is almost inaccessible. The tape was then 
placed at a higher region, approximately 30cm below the slab up-

Table 1 – Concrete mix proportions for the anti-flotation slab by weight, dry materials for 1m³ 
of concrete. Designed for a characteristic compressive strength fck of 50MPa at 28 days.

Mix proportions
Designed for 

fck=50MPa

Cement per m3 (CP III-40 RS – Votoran Moagem Santa Cruz) 448kg

Sílica fume addition (Silmix) 30kg

Water/cement+additions (cementing materials) ratio 0,35

Water (from sand humidity only, mean value fixed at 5%) + ice 168kg

Medium sand, natural (Areal D. Lucia) 650kg

Artificial sand, crushed sand type II (A 21 Mineração) 73kg

Crushed stone 0 (A 21 Mineração) 162kg

Crushed stone 1 (A 21 Mineração) 921kg

Waterproofing admixture, acting by integral crystallization (XYPEX NF 500 concentrado, MC-Bauchemie) 4,5kg

Polyfunctional plasticizer admixture (MIRA RT 75, Grace) 4,0kg 

Superplasticizer admixture (Tecflow 9040, Rheoset/Grace) 2,9kg 

100% of ice replacing free mixing water (humid aggregates, sand humidity weighted average is 5%) 130kg (ice)
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per face, as can be seen in Figure 2. The same procedure (tapes) 
was implemented at reinforcing slabs intersection with diaphragm 
walls. Figure 3 exemplifies actual situation at worksite before, dur-
ing and after concreting a generic phase.
The hydro swelling tape was put in place only a few minutes 
before concreting the phase juxtaposed to the already con-
creted phase. As these phases were not concreted in sequence 
with previous phases, the time interval was at least 7 days. A 
wooden barrier was also placed at the bottom of the poultry wire 
mesh to prevent cement slurry leakage. Obviously, there was 
a normal controlled leakage of cement slurry through the wire 
mesh (a very small amount), because the employed concrete 
was of the fluid type, but nothing that could jeopardize the objec-
tive of having a rough surface with the incorporated wire mesh. 
The ideal condition for the next phase concreting would be a dry, 
saturated and quite rough surface. Thus, the joint vertical face 
was saturated before concreting the juxtaposed phase. As the 
hydro swelling tape has a controlled, slow initial action, there 
were no problems in this procedure that could damage the tape, 
which activates in contact with water.
At the concreting joint region an hexagonal galvanized mesh, Ø 
0,56mm, ½” opening with three twists, poultry wire was utilized, 
supplied by Fábrica de Telas São Jorge. Two superimposed and 
dislocated meshs were employed at each joint in order to reduce 
the mesh opening. The utilized hydro expansive tape has more 

flexibility to fit the concrete substrate contours and not needing 
a grove to be placed. It is of PENEBAR SW 55 type (controlled 
swelling water-stop) made by PENETRON Brasil, and installed as 
per manufacturer specifications. The supplier also supervised this 
procedure in loco, as the tape could not touch the rebars and its 
installation asked for a special care.

3.3.2 Concreting procedures

3.3.2.1 Concreting plan

The anti-flotation slab concreting plan was in accordance with de-
tailed design specification, wich divided it in 10 different phases 
and with concreting joints layout as already indicated. Related 
to this, it can be observed that the designed layout, due to time-
schedule reasons and reinforcement characteristics, did not obey 
the ideal shrinking joints procedure, in other words, all slabs verti-
cal faces (corresponding to each phase) remain “free” to move and 
dilate, including in regions where slabs intersect with reinforcing 
walls built above diaphragm walls.
Thus, it was planned that no juxtaposed concreting phases were 
held together, which provided the maximum possible number 
of free slab sides. Besides this, it was recommended a minimal 
time interval of one week between juxtaposed concreting phas-
es, which did not mean cast two phases simultaneously, if not 

Figure 2 – Typical detail at concreting joint region, showing the poultry 
wire mesh as an incorporated formwork and hydro swelling tape
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Figure 3 – Typical details of anti-flotation slab concreting joints along the 10 concrete placing phases

A

C

E

B

D

F

Detail of preplacement step: poultry 
wire mesh adjustment at designed joint

Detail of poultry wire mesh performance during 
concrete placing: minimal cement slurry leakage

Detail of hydro swellin flexible tape already placed for next concreting 
procedure: reinforcement for next concreting phase is totally completed

Detail of concreting joint with poultry wire 
mesh and external reinforcement support

Detail of concreting joint before hydro swelling tape placing: vertical 
and rough surface, the next slab reinforcement not yet finished

Detail of finishing obtained by upper wooden support 
barrier, wire mesh just underneath, will yet be cut
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juxtaposed. In this way, the temperatures originated by cement 
hydration exothermal reactions should be decreasing and, con-
sequently, deformations associated to this phenomenon will be 
minimized. These measures, notwithstanding, had no impact on 
project time-schedule, enabling an effective production of ap-
proximately 20m³/h, which means that 1200m³ of concrete were 
placed in 60 hours divided into 10 different concreting events. 
This concreting plan, in not juxtaposed (intercalated) phases, can 
be observed in Figure 4.

3.3.2.2 Concreting procedures and technological control

It was recommended that the first layer be carefully poured to en-
sure that concrete could pass through the inferior reinforcing mesh. 
For this case it was also recommended the consolidation by vibra-
tion with lesser diameter heads (2”), and instructions for special 
cares to be taken were given (for instance, not to lean the vibrator 

head on rebars, specially at edges, where a higher concentration 
of reinforcing bars is found). Once poured the first layer, cover-
ing bottom rebars, subsequent layers were vibrated from sub-layer 
previously vibrated (this limitation was also defined by the vibrator 
head length).
Basically, concrete was placed in three horizontal sub-layers of ap-
proximately 0,33m (33cm) high all the way in each phase, without 
caring of construction joints, in order to get an uniform layer. Con-
crete was continually placed in a preferred direction from the poul-
try wire mesh to the opposite side, foreseeing that hardening would 
be quicker at mesh region, in order to avoid higher pressures at 
these more fragile points, and returning  to the initial point (not yet 
concreted) to pour the next sub-layer, and so on. In exceptional 
cases of an accidental interruption due to mixing trucks flux or to 
intense traffic from batch plant to working site, it was recommend-
ed to re-consolidate (re-vibrate) the concrete before beginning new 
pouring, and that interruption could not be greater than 1h.
During all concreting phases, at least two vibrator operators for 
concreting events were predicted, with a minimum of three extra 
vibrators, as one of them could fail during operation, what could im-
pair concrete quality. It was also recommended to employ vibrators 
with 2” and 3” diameter heads, the lesser diameter ones being the 
most appropriate to be used at regions where higher steel ratios 
were concentrated (bottom and edges).
All concrete batches were carefully consolidated and cured. De-
tailed consolidation procedures can be consulted in well-estab-
lished literature (KOSMATKA; WILSON, 2001 [5]; KENNEDY, 
2005 [6]; LAMOND; PIELERT, 2006 [7]) and also in the standard 
ABNT NBR 14931:2004 “Execução de Estruturas de Concreto.  
Procedimento” [4]. Some relevant points to be remarked, em-
ployed in concreting this MIS anti-flotation slab, were:
n	 Concrete was consolidated (vibrated) always vertically (never in 

tilted or horizontal directions);
n	 Concrete was consolidated (vibrated) at the most possible 

points of each slab in every concreting phase;
n	 Extra care was taken to avoid excess or lack of consolidation;
n	 Vibrator head was introduced quickly and drawn slowly (to 

avoid possible air packs);
n	 The head length was always greater than the thickness of the 

layer to be concreted;

Figure 4 – Not juxtaposed (intercalated) 
concreting phases

Figure 5 – Detail of concreted phase, joint to the reinforcing wall, with a 
curing mat over the surface and of curing procedure (mat being soaked)

A B
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n	 Extra care was taken to avoid vibrating the rebars;
n	 A minimum distance, related to the depth penetrated by the vi-

brator head, was maintained to define the points to be consoli-
dated (the depth penetrated by the head was the same as the 
distance for next point to be vibrated). 

Regarding curing, it is possible to asset that this was one of the 
most important steps in concreting procedure. If curing would not 
be efficient and correct, it could make the concrete inadequate, 
even if all previous steps had been well executed. For the anti-
flotation slab, a high pressure cleaner, the WAP type was utilized, 
with its nozzle regulated to obtain a water spray, as a nebulizer 
mist, in order to cover the already concreted part and also the 
phase being concreted. It shall be remarked that there is no prob-
lem in having this mist during concreting.
After some hardening of concrete (by touch), the whole surface 
was covered with a mat soaked with water, which was maintained 
pressed against the surface of the concreted phase, sprayed with 
drinking water each 2h at most. This mat was always saturated at 
the end of the working time to ensure that it would remain humid 
during night and again early in the following morning, at beginning 
of work. This careful curing procedure was maintained at least for 
7 days (up to the probable next phase concreting date). The curing 
procedure (a mat being soaked) can be seen in Figure 5. The cur-
ing mat employed was 100% polyester with an adhered perforated 
polyethylene film, manufactured by BIDIM, line Bidim CC-10 type.

4.	 Results

4.1	 Watertightness

With the recomendations met described in previous chapter, tech-
nicians from the Contractor (Rio Verde), Project management firm 
(Engineering Co.) and from Concrete consultant firm (PhD Engen-
haria) were responsible for visually verifying possible fissures origi-
nated by shrinking or by thermal stress in each concreted phase. In 

Figure 6 – Anti-flotation slab already 
finished and beginning of formwork 
erection of 2nd basement columns 
(some of them already concreted)

Figure 7 – Results of concrete compressive strength at 28 days 
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this context, it shall be remarked that during and after finishing the 
ten phases, no fissures of any kind were detected through which 
water could percolate. The already finished anti-flotation slab can 
be seen in Figure 6, with formwork for 2nd basement columns al-
ready erected.

4.2	 Concrete technological control

An exhaustive concrete technological control was established for 
the slab –total sampling (100%) – as mentioned above. Of all mix-
ing trucks, only one was identified as having compressive strength 
below design specification, with a value of 43,2MPa. This value was 
submitted to the structural engineer, who approved it, by new cal-
culation, not being needed any additional structural reinforcement.
Graph at Figure 7 presents the results of concrete compressive 
strength at 28 days old. It can be seen that there was an excessive 
dispersion, which probably was associated to errors when pouring 
cylinders or during compressive rupture test, in short, related to 
technological control procedures. Later on, by means of a more re-
fined statistical analysis, the anomalous results were abandoned.

5.	 Final considerations

1.	 It can be considered that an adequate design, the study and devel-
opment of an appropriated concrete mix, as well as rigorous pro-
cedures utilized for concreting the MIS anti-flotation slab described 
here, were determinant to obtain a watertight, seamless structural 
element in spite of adverse soil, weather and logistic conditions. 
It can also be understood that the propositions presented in this 
paper may be considered as a good alternative for similar cases, 
as a quicker and less costly option, which in specific cases, may 
replace the use of traditional waterproofing solutions;

2.	 It can be also considered that this paper enabled to stress the 
fact that the appropriate employment of simple and less costly 
procedures, described in Brazilian standards and in well-estab-
lished literature, associated to good engineering and building 
practices, are favorable to get a final, satisfactory result. Many 
of the procedures described in this paper are in agreement with 
the prescriptions of our national standards.
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Abstract  

Resumo

Concrete, in its fresh state, has flow characteristics that are crucial to its proper launch and densification. These characteristics are usually mea-
sured through empirical testing as the slump test, but this test does not quantify completely the material behavior. Since this material is character-
ized as a Bingham fluid, it is essential the study of its rheological behavior to verify its properties even in fresh state. The use of classical rheology 
has been employed by the scientific community to obtain rheological parameters determinants to characterize this material, such as yield stress, 
plastic viscosity and evolution of shear stress to shear rate. Thus, this present study aims to determine the rheological behavior of different cement 
pastes produced with cement CP III 40 RS, varying between them the hydration periods (20 and 60 min), the water-cement ratio (0.40, 0.45 and 
0.50) and the use or not of additive. Samples were assayed by flow test to determine the rheological parameters showing the effect of the variables 
mentioned above in these parameters.

Keywords: rheology, cement paste, viscosity, shear stress.

O concreto, em seu estado fresco, possui características de fluidez que são determinantes para seu correto lançamento e adensamento. Estas 
características são geralmente medidas através de ensaios empíricos como o abatimento de tronco de cone, porém este ensaio não quantifica 
totalmente o comportamento do material. Sendo o material caracterizado como fluido binghamiano, é fundamental o estudo de seu comportamen-
to reológico para a verificação de suas propriedades ainda no estado fresco. O uso da reologia clássica tem sido empregado pela comunidade 
científica de forma a obter parâmetros reológicos determinantes na caracterização deste material, tais como a tensão de escoamento, viscosida-
de plástica e evolução da tensão de cisalhamento com a taxa de cisalhamento. Dessa forma, o presente trabalho tem como objetivo verificar o 
comportamento reológico de diferentes pastas cimentícias produzidas com o cimento CP III 40 RS e variando-se entre elas o tempo de hidratação 
(20 e 60 min), a relação água-cimento (0,40; 0,45 e 0,50) e com e sem incorporação de aditivo. Amostras foram ensaiadas através de ensaios de 
fluxo para determinação dos parâmetros reológicos, mostrando o efeito das variáveis acima mencionadas nestes parâmetros.

Palavras-chave: reologia, pasta de cimento, viscosidade, tensão de cisalhamento.
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1.	 Introduction

It is known that Portland concrete is one of the most used materials 
around the world. There are several applications of this material in 
different areas of civil construction sector. Basically, concrete can 
be defined as a composite material made with hydraulic binder 
(Portland Cement), coarse and fine particles (aggregates), water 
and air, and can also contain additions and chemical additives to 
improve and/or modify some of its properties. The properties of this 
composite are directly affected by the properties of its constituents 
and the study of those is fundamental to determine the ideal char-
acteristics of the concrete to be used in construction sites. 
An appropriate concrete application requires, among other char-
acteristics, good material workability. This characteristic depends 
on several factors, such as mixture design, equipment used to 
its placement, the finishing method applied, as well as the local 
conditions. Concrete needs to have enough cohesion and proper 
viscosity to make possible its transportation to the job site without 
having to deal with undesired situations, such as segregation of its 
constituents, which can affect its quality. 
Therefore, concrete is a material that needs special care in all 
stages of its application, from the developments of specifications 
to its correct placement and complete cure, because many times 
this composite has structural function. The Brazilian standard NBR 
7212 (ABNT, 1984) limits the time of transportation of concrete 
from mixing to its placement to a maximum of 150 minutes.   If this 
time is exceeded, the concrete could lose workability because of 
water evaporation and the setting time due to the hydration pro-
cess of cement particles.  
To the technical control of concrete and to verify its workability in 
fresh state, a commonly used test is performed, the so called Slump 
Test, according to the Brazilian standard NBR NM 67 (ABNT, 1998). 
However, some concrete rheological properties, such as viscosity, 
shear stress, yield stress, and others cannot be obtained directly 
from this test.  The use of better controlled equipment such as rhe-
ometers can give more precise information with respect to this fluid.  
Rheology is a branch of physics that studies the deformation and 
flow of materials, in an attempt to understand the relation among 
stress, rate of deformation and time. There is a concern about the 
mechanics of deformable bodies that can be in solid, liquid or gas-
eous state (MARTINS, 2004; COSTA, 2006; SCHRAMM, 2006). 
The study of rheology, in practice, is applied to materials that show 
more complex flow behavior than simple fluids (liquid and gas) or 
ideal elastic solids, even though, depending on the conditions in 
which the test is performed, the material can demonstrate simple 
or complex behavior (CASTRO, 2007).
According to De Larrard et al. (1996), the use of rheometers is 
beneficial not only to obtain a large number of parameters but also 
to evaluate physical quantities that may be scientific related to dif-
ferent stages of concrete use. Reis (2008) stated that shear stress 
is directly related to the results of slump tests. Another parameter 
evaluated is the apparent viscosity, which indicates the increment 
in stress that needs to be imposed to produce certain rate of de-
formation. In practice, the apparent viscosity is associated to the 
material capacity to be placed, pumped, segregated and finished, 
and therefore can differentiate a concrete that is workable to the 
one that is hard to work, having difficult pumping behavior and pre-
senting surface voids in the structural elements when the formwork 
is removed (CASTRO et al., 2011). 

When the workability is evaluated considering rheological param-
eters, the concrete production control can be made in a more ac-
curate manner. The rheological assessment can show not only if a 
test result is satisfactory but also can identify the factors that can 
influence negatively the concrete workability during test (CASTRO, 
2007).
To determine the rheological parameters of cement pastes, such 
as yield stress, apparent viscosity, and the effects of material con-
solidation associated to the hydration of cement particles, the liter-
ature suggests the use of some tests, such as the flow test, oscilla-
tory tests (time sweep and strain sweep) and Vane tests (SATO et 
al., 2012; LISBÔA, 2004; CAVALCANTI, 2006; VENÂNCIO, 2008; 
SAAK et al., 2001; BETIOLI et al., 2009). Even though there are 
several studies trying to understand the behavior of concrete in its 
fresh state, the use of tools and tests based on rotational rheology 
are not many. 
Concrete in its fresh state can be considered a fluid, and there-
fore, basic principles of rheology can be applied to this material 
(METHA, 1986). The main factors that cause concrete incompat-
ibility are the amount of C3A; the type and amount of sulfates in 
the cement; water-soluble alkalis (Na+, K+), either from cement 
particles or additives; type and design procedure of both materi-
als, such as mineral mixtures; the cement paste temperature and 
the water-to-cement ratio. Some researchers related the sensibility 
of rheological parameters to the factors above-mentioned (FER-
RARIS, 1996; ZHANG, 2001; CHEN, STRUBLE, ZHANG, 2006).
For the rheological analysis of cement pastes and mortars, some 
parameters need to be carefully defined. The time and energy 
spent during the mixing process for sample preparation, for exam-
ple, influence significantly the rheological properties of those ma-
terials. França, Cardoso and Pileggi (2011 and 2012) mentioned 
that the greater the mixing time, the more efficient is the mixing 
process due to the high energy involved in the process, produc-
ing therefore a more disperse material (small size of mobile units, 
particles or agglomerates), homogeneous, stable and a more fluid 
like behavior. The mixing method used to produce cement pastes 
should simulate the shearing effects that occurs when concrete is 
produced. Bhattacharja and Tang (2000) also reported the use of a 
high shearing mixer to prepare cement pastes in order to simulate 
the effects of shearing. 
Taking into account the need of o broader evaluation of concrete 
properties in its fresh state, this study aims at analyzing the rheo-
logical properties of cement pastes by performing flow test using 
dynamic shear rheometer as the main testing equipment.  Thus, 
the rheological properties of pastes produced with different water-
cement ratios, with and without additives, will be analyzed so as to 
verify the effects of these constituents on rheological behavior of 
cement pastes. 

2.	 Objectives

The present study aims at verifying the rheological behavior differ-
ent cement pastes produced by mixing water and Portland cement, 
with and without additives, so as to assess the influence of these 
constituents on the study rheological parameters (yield stress, ap-
parent viscosity, rheological profile of the material and effects of 
this material associated to cement hydration).  
The composition of these pastes used different water-cement ra-
tios (0.40; 0.45 and 0.50), with and without additives.  Also, the 
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pastes were tested at different hydration times (20 and 60 min.) in 
order to allow verifying the effect of cement hydration on rheologi-
cal properties of the study cement pastes. 

3.	 Materials and methods

3.1	  Materials

In order to be carried out, this study used CP III 40 RS cement, 
classified as blast furnace Portland, resistant to sulfates as per 
Standard NBR 5735 (Brazilian Association of Technical Standards 
– ABNT, 1991). For the granulometric classification of the material, 
we used a laser diffraction granulometer (model Sympatec®) with 
lenses able to read between 1.8 to 350 mm. Figure 1 shows the 
granulometric distribution curve obtained for the study cement. 
The additive incorporated into the study cement pastes was GLE-
NIUM® 51 (by BASF S. A.), which is as polycarboxylate ether su-
perplasticizer. The water used in this study was taken directly from 
the water concessionaire’s local network. 

3.2 	 Composition and preparation of cement pastes

This study analyzed samples of cement pastes with three differ-
ent water/cement (w/c) ratios, with and without additives.  Table 1 

presents the w/c ratio values and the amount of additive for each 
sample used in the flow test.

3.2.1 Mixing procedures

Since there is no standard procedure for mixing cement pastes 
to be used in rheological property determination using a dynamic 
shear rheometer, this study adopted the procedure for mixing ce-
ment pastes provided by standard NBR 13276 (ABNT, 2005), which 

Figure 1 – Granulometric curve of portland cement CP III 40 RS

Table 1 – W/c ratios and amount 
of additive in the pastes analyzed

Cement paste w/c ratio Additive

Paste 1 0.40 –

Paste 2 0.45 –

Paste 3 0.50 –

Paste 4 0.40 0.2 %

Paste 5 0.45 0.2 %

Paste 6 0.50 0.2 %
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concerns preparation of mix and mortar consistency index for set-
tling and coating walls and ceilings.  The mixes were determined 
on an electronic digital scale with 0.01g accuracy.  A mechanical 
mixer was employed to ensure homogenization of the sample. 
In compliance with NBR 13276 (ABNT, 2005), first the amount 
of water and cement were separately weighed with 1.0g ap-
proximation.  Then, water was added to the specific portion of 
cement corresponding to the w/c under study for a continuous 
period of 30 seconds.  After putting the materials together, they 
were blended in the mixer for 30 seconds, then the machine was 
turned off.  The mixer was cleaned, we waited for 60 seconds 
and, finally, it was turned on again and material was mixed for 
another 30 seconds so as to obtain a homogeneous paste.  In 
pastes composed also by the additive, it was added to the paste 
after mixing as mentioned above. The new mix was homoge-
nized using a spatula for 30 seconds.  Table 2 shows the stages 
for preparing the cement pastes. 
After all the mixing process, the samples were kept in air-tight 
containers until the tests were carried. This was not to lose hu-
midity to the ambient.  Before each test, the paste was mixed 
again in the following way: 30 seconds using mixer, 15 seconds 
using spatula, and 30 seconds using the mixer again, so as to 
keep homogeneity.

3.3 	 Flow test

Through flow-test, we can obtain shear stress at a particular shear 
rate.  The test consists in applying an increasing shear rate with 
acceleration from 0 to 100 s-1 in 2 minutes, flowed by deceleration 
to 0 in another 2 minutes, as shown in Figure 2.  
From the variation of these parameters, one can trace the rheo-
logical profile of materials, and determine important rheological 
properties such as apparent viscosity (hap), yield stress (s0) and 
hysteresis area (AH, Portuguese acronym). Apparent viscosity of 
cement pastes was evaluated at the maximum shear rate applied, 
which was 100 s-1 in this study. Yield stress was approximate by 
extrapolating the shear stress curve and shear rate, until 0 s-1. 
Another parameter analyzed with flow test results was hysteresis 
area (AH).  This area is formed by acceleration and deceleration 
curves in the shear stress vs. shear rate graph (OLIVEIRA et al., 
2000; BETIOLI et al., 2012), and it indicates that the level of sys-
tem structuring/destructuring. 
Shear cycles were carried out at pre-defined times within the ce-
ment dormancy induction interval, which shows less heat release 
(KIRCHHEIM, 2008). In this interval, the cement hydration reac-
tions are considered controlled, which allows us to consider the 
conservation of mass at the moment of testing.   Silva (2001) de-
termined an induction period between 20 and 110 minutes from the 
intersection of the horizontal section with two lines: The line traced 
in the pre-induction period and the extrapolation of acceleration 
regression line, as shown in Figure 3.  
Thus, the cement pastes were tested at two different cement hy-
dration times (20 and 60 min) within the material induction interval, 
so as to analyze the effects of cement hydration on rheological 
properties of cement pastes.  
In order to carry out the flow tests, we used a dynamic shear 
rheometer. The geometry chosen for flow test was parallel-plate 
geometry, which has 40 mm diameter and 1mm spacing. For 

Table 2 – Process of mixing materials

Procedure Initial time (s) Final time (s)

Putting cement 
and water together

0 30

Mixer use 30 60

Cleaning and wait 60 120

Mixer use 120 150

Figure 2 – Slope from 0 to 100s -1 in 2 minutes 
and to 0 again in 2 more minutes 

(Betioli et al., 2009)

Figure 3 – Heat release rate during 6 
hydration hours.  The interval of induction 

period takes place between 20 
and 110, approximately (Silva, 2001)
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each study paste, three samples were tested.  For making the 
shear stress vs shear rate; and viscosity vs shear rate graphs, 
we employed the arithmetic mean of the sample values.   In the 
analysis of graphs, we verified the effects of water-cement ratio, 
additive addition, cement and hydration of rheological behavior.  
In order to avoid water evaporation and keep the sample tem-
perature at 25º C during the test, a protective device (Peltier 
plate) was used.  A textured sticker was applied to the surface 
of each plate so as to prevent the sample from slipping, as seen 
in Figure 4.

4.	 Results and discussion

Figures 5 and 6 show shear stress and apparent viscosity referring 
to shear rate for cement pastes (with and without additive) for each 
hydration time (20 and 60 min) analyzed in this study. 
One can see that the study cement pastes need an initial shear 
stress (s0) to start yielding.  After overcoming this yield stress, 
the pastes showed non-linear behavior, which shows a behavior 
tendency of a Herschel-Bulkley fluid, also known as generalized 
Bingham. 
By analyzing the hysteresis areas between the acceleration and 
deceleration curves of the shear stress vs. shear rate graph, one 
can see that at 20 minutes of hydration, this area is virtually null.  
This can indicate the dispersion status of samples.  Not so signifi-
cant hysteresis areas little show that the mixing process adopted 
was enough to obtain a homogeneous sample, with total break-
down of agglomerates. On the other hand, at 60 minutes, there 
is a trend of restructuring of these agglomerates and, therefore, 
breakdown takes place during imposed shear cycles. 
The action of additive is seen through the levels of shear stress 
in the samples.  According to Oliveira et al. (2003 apud França, 
Cardoso and Pileggi, 2012), the required levels of stress for 

mixing concrete are reduced when using additives, because they 
allow better dispersion of particles.  
Figure 6 shows that for all the pastes, apparent viscosity obtained 
from the relationship between shear stress and shear rate de-
creased as shear rate increased, which shows the thixotropic na-
ture of this material.  In pastes that received additives, the addition 
effects on rheological behavior were evident, such as decrease in 
apparent viscosity, as seen in Figure 6 compared to pastes without 
additive (Figure 5). When adding this material, the pastes became 
more fluid and more susceptible to excessive deformation if sub-
mitted to shear stress. This makes measuring shear stress values 
more difficult using the equipment adopted in this study.   
Tables 3 and 4 show the apparent viscosity and yield stress values 
obtained at 20 and 60 minutes of hydration, respectively.  
It is seen that pastes without additive and w/c ratio 0.40, 0.45 and 
0.5 increased, respectively, of 4, 9 and 7 times their yield stress at 
hydration age of 60 minutes compared to age 20 minutes. The in-
crease in hydration time made pastes show a more agglomerated 
structure because of the process of hydrating cement particles. 
Therefore, more stress is required to start paste yielding. This phe-
nomenon is reflected on the increase of yield stress.  As expected, 
the pastes without additive showed higher yield strength compared 
to pastes with additive, which was also reflected on apparent vis-
cosity of the study pastes.  Addition of polycarboxylate platicizing 
admixtures causes cement particles to disperse, increasing flow, a 
phenomenon known as electrical repulsion.  Thus, pastes with ad-
ditives become more fluid, which results in significant reduction of 
yield stress and apparent viscosity values compared to pastes with 
the same water-cement ratio. 
Figure 7 shows the correlation between yield stress and water-
cement obtained in this study. 
We can see the trend of correlation between the parameters ana-
lyzed using exponential function, both for pastes with and without 
additive.  Coefficients of determination (R2) of 0.99 and 0.96 for 

Figure 4 – Geometry of parallel plates with and peltier and textured adhesive

Peltier plate

Parallel plate geometry

Textured sticker
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Figure 5 – Shear stress vs. shear rate in cement pastes: (a) without 
additive and (b) with additive, tested at hydration times 20 and 60 minutes.

A

B

Table 3 – Rheological properties of cement 
pastes after hydration of 20 min

w/c

hap 
(Pa.s)

s0 
(Pa.s)

Without 
additive

With  
additive 

Without 
additive

With  
additive

0.4 3.2 0.29 143 8.5

0.45 1.2 0.11 47 2.48

0.5 0.48 0.02 15 0.2

Table 4 – Rheological properties of cement 
pastes after hydration of 60 min

w/c

hap 
(Pa.s)

s0 - Acceleration 
(Pa.s)

Without 
additive

With  
additive 

Without 
additive

With  
additive

0.4 6.3 0,87 576 27

0.45 4 0.2 441 8

0.5 0.8 0.1 100 3
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pastes without and with additives, respectively, show strong nega-
tive correlation between yield stress and water-cement ratio.   The 
use of this type of correlation, based on analysis of rheological pa-
rameters can lead to measuring workability in a more scientific way. 

5.	 Conclusions

In order to better understand the influence of important variable in 
dosing cement mixes (w/c ratio, cement hydration, and use of chemi-
cal admixtures) on cement-based materials, we adopted rheological 
tests. The rheological behavior of cement pastes is complex because 
many factors interfere in their properties, such as type of cement and 
its reactive nature, water-cement ratio used, presence of additives, 
and mixing conditions (speed, length, confinement), among others.   
The flow test is an effective tool to determine rheological proper-

ties of cement pastes in laboratory, because it is possible to induce 
samples to a high shearing magnitude.  This resulted in different 
values of rheological properties (apparent viscosity and yield stress).
Apparent viscosity showed to be higher in pastes with lower water-
cement ratio among the samples without additive.  The pastes us-
ing additive showed apparent viscosity with little variation. 
Yield stress for pastes without additives increased significantly with 
hydration age.  
This study shows the need of further investigations on rheological 
characterization of cement pastes due to the large range of prod-
ucts that can be used to produce them.    
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Abstract  

Resumo

Concrete, in its fresh state, has flow characteristics that are crucial to its proper launch and densification. These characteristics are usually mea-
sured through empirical testing as the slump test, but this test does not quantify completely the material behavior. Since this material is character-
ized as a Bingham fluid, it is essential the study of its rheological behavior to verify its properties even in fresh state. The use of classical rheology 
has been employed by the scientific community to obtain rheological parameters determinants to characterize this material, such as yield stress, 
plastic viscosity and evolution of shear stress to shear rate. Thus, this present study aims to determine the rheological behavior of different cement 
pastes produced with cement CP III 40 RS, varying between them the hydration periods (20 and 60 min), the water-cement ratio (0.40, 0.45 and 
0.50) and the use or not of additive. Samples were assayed by flow test to determine the rheological parameters showing the effect of the variables 
mentioned above in these parameters.

Keywords: rheology, cement paste, viscosity, shear stress.

O concreto, em seu estado fresco, possui características de fluidez que são determinantes para seu correto lançamento e adensamento. Estas 
características são geralmente medidas através de ensaios empíricos como o abatimento de tronco de cone, porém este ensaio não quantifica 
totalmente o comportamento do material. Sendo o material caracterizado como fluido binghamiano, é fundamental o estudo de seu comportamen-
to reológico para a verificação de suas propriedades ainda no estado fresco. O uso da reologia clássica tem sido empregado pela comunidade 
científica de forma a obter parâmetros reológicos determinantes na caracterização deste material, tais como a tensão de escoamento, viscosida-
de plástica e evolução da tensão de cisalhamento com a taxa de cisalhamento. Dessa forma, o presente trabalho tem como objetivo verificar o 
comportamento reológico de diferentes pastas cimentícias produzidas com o cimento CP III 40 RS e variando-se entre elas o tempo de hidratação 
(20 e 60 min), a relação água-cimento (0,40; 0,45 e 0,50) e com e sem incorporação de aditivo. Amostras foram ensaiadas através de ensaios de 
fluxo para determinação dos parâmetros reológicos, mostrando o efeito das variáveis acima mencionadas nestes parâmetros.

Palavras-chave: reologia, pasta de cimento, viscosidade, tensão de cisalhamento.
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1	 Introdução

É sabido que o concreto é um dos materiais mais utilizados no 
mundo. Sua aplicação abrange diversas áreas da construção civil. 
Basicamente, pode-se definir o concreto como um material com-
pósito formado pela mistura de um aglomerante (cimento), agre-
gados miúdos, agregados graúdos, água e ar, podendo conter adi-
ções e aditivos químicos para melhorar ou modificar algumas de 
suas propriedades. As propriedades desse material compósito são 
influenciadas pelas propriedades de seus constituintes e o estudo 
destas é de grande importância para a determinação das caracte-
rísticas ideais do concreto a ser utilizado em obra.
Para a utilização do concreto é desejável que este tenha, entre 
outras características, trabalhabilidade adequada. Essa caracte-
rística é dependente de vários fatores, tais como do projeto de 
misturas, dos equipamentos a serem utilizados no lançamento do 
material, do acabamento a se realizar e das condições locais. O 
concreto deve ter coesão e viscosidade adequada, para que seja 
possível realizar seu transporte sem que ocorram situações inde-
sejadas que prejudiquem sua qualidade, como a segregação de 
seus constituintes.
Assim, o concreto é um material que exige atenção especial, des-
de a fase de especificação até a cura, pois muitas vezes possui 
função estrutural. A norma NBR 7212 (ABNT, 1984) determina que 
o tempo limite para executar o lançamento do concreto seja de 
150 minutos a partir da sua mistura. Caso esse tempo seja ultra-
passado, o concreto poderá apresentar perda de trabalhabilidade 
por perda de água por evaporação e início da pega devido às rea-
ções de hidratação do cimento. 
Para o controle tecnológico do concreto e a verificação da sua 
trabalhabilidade no seu estado fresco, um ensaio comumente utili-
zado em campo é o teste de abatimento de tronco de cone (Slump 
test), normatizado na NBR NM 67 (ABNT, 1998). Contudo, algu-
mas propriedades reológicas do concreto, tais como viscosidade, 
tensão de cisalhamento, tensão de escoamento, entre outras, não 
são possíveis de se obter através desse ensaio. Entretanto, o em-
prego de equipamentos automatizados e controlados, tais como 
os reômetros, garante a obtenção de informações mais precisas a 
respeito do fluido estudado.
A reologia é o ramo da física que analisa os efeitos provocados 
um material através de aplicações de uma tensão ou deformação, 
procurando entender as relações entre tensão, deformação, taxa 
de deformação e tempo. Há uma preocupação quanto à mecânica 
de corpos deformáveis que podem estar no estado sólido, líquido 
ou gasoso (MARTINS, 2004; COSTA, 2006; SCHRAMM, 2006). 
O estudo da reologia, na prática, está voltado para os materiais 
que apresentam propriedades do escoamento mais complexas do 
que as de um fluido simples (líquido ou gás) ou as de um sólido 
elástico ideal, apesar de que, dependendo das condições que o 
ensaio é realizado, o material terá um comportamento simples ou 
complexo (CASTRO, 2007).
Segundo De Larrard et al. (1996), a finalidade de se utilizar um 
reômetro não é apenas medir o maior número de parâmetros pos-
síveis, mas avaliar quantidades físicas que possam estar cientifi-
camente relacionadas aos vários estágios de utilização do con-
creto. Reis (2008) afirma que essa tensão de cisalhamento está 
diretamente relacionada com o ensaio de abatimento de tronco de 
cone. Outro parâmetro reológico analisado é a viscosidade apa-
rente, que aponta o acréscimo de tensão que deve ser imposta 

para produzir uma determinada taxa de cisalhamento. A viscosida-
de aparente se associa, na prática, às capacidades de aplicação, 
bombeamento, segregação do material e acabamento, facilitando 
a distinção entre um concreto trabalhável de um que apresenta 
um comportamento “pegajoso”, com dificuldades para bombear e 
apresentando vazios na superfície do elemento estrutural quando 
a forma é retirada (CASTRO et al., 2011). 
Quando a trabalhabilidade é avaliada quanto aos parâmetros reo-
lógicos, o controle da produção do concreto é feito de uma forma 
mais criteriosa. Além de mostrar se o ensaio obteve um resultado 
apropriado ou não – o que os ensaios padrões são incapazes de 
realizar – essa avaliação também pode identificar quais os fatores 
que estão influenciando para a falha do ensaio de se atingir a tra-
balhabilidade desejada (CASTRO, 2007).
Para a determinação dos parâmetros reológicos da pasta cimentí-
cia, tais como tensão de escoamento, viscosidade aparente, perfil 
reológico do material e, ainda, os efeitos da consolidação desse 
material associados à hidratação do cimento, a literatura propõe 
alguns testes como, por exemplo, ensaio de fluxo, ensaio oscila-
tório (varredura de tempo e varredura de deformação) e ensaio de 
palheta ou Vane test (SATO et al., 2012; LISBÔA, 2004; CAVAL-
CANTI, 2006; VENÂNCIO, 2008; SAAK et al., 2001; BETIOLI et 
al., 2009). Apesar do número cada vez crescente de estudos que 
visam à análise do comportamento do concreto em seu estado 
fresco, o uso de ferramentas e ensaios baseados na reologia rota-
cional ainda é incipiente. 
O concreto no seu estado fresco pode ser considerado um fluido 
e, por conseguinte, os princípios básicos da reologia podem ser 
aplicados a este material (METHA, 1986). Os fatores mais impor-
tantes que causam incompatibilidades de concreto podem ser re-
sumidos como a quantidade de C3A; o tipo e a quantidade de sul-
fato de rolamento no cimento; álcalis solúveis em água (Na+, K+), 
tanto a partir do cimento quanto do aditivo; o tipo e a dosagem de 
ambos, como misturas minerais; a temperatura de pasta de cimen-
to e a relação água/cimento. Alguns pesquisadores (FERRARIS, 
1996; ZHANG, 2001; CHEN, STRUBLE, ZHANG, 2006) relataram 
a sensibilidade dos parâmetros reológicos para os fatores acima 
mencionados. 
Para a análise dos parâmetros reológicos de pastas e argamassas 
cimentícias, alguns parâmetros devem ser cuidadosamente defini-
dos. O tempo e a energia de mistura na fabricação de misturas, 
por exemplo, influenciam significativamente nas propriedades re-
ológicas do material. Em sua pesquisa, França, Cardoso e Pileggi 
(2011 e 2012) mencionam que quanto maior o tempo de mistura, 
mais eficiente é o processo de mistura devido à maior energia 
envolvida no processo, produzindo um material disperso (menor 
o tamanho das unidades móveis, partículas ou aglomerados), ho-
mogêneo, estável e um comportamento mais fluido. A mistura de 
pasta de cimento deve imitar o cisalhamento que é submetido no 
concreto. Bhattacharja e Tang (2000) também relataram a utiliza-
ção de um misturador de alto cisalhamento para preparação da 
pasta de cimento simulando o efeito de cisalhamento.
Levando em consideração a necessidade de uma avaliação mais 
abrangente das propriedades do concreto no seu estado fresco, 
esta pesquisa busca fazer a análise das propriedades reológicas de 
pastas cimentícias através da realização de ensaio de fluxo utilizado 
o reômetro de cisalhamento dinâmico como principal equipamento 
de ensaio. Assim, propriedades reológicas de pastas produzidas 
com diferentes relações água-cimento com e sem incorporação de 
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aditivos serão analisadas para verificar os efeitos destes constituin-
tes no comportamento reológico de pastas cimentícias.

2.	 Objetivos

O presente trabalho tem como objetivo verificar o comportamento 
reológico de diferentes pastas cimentícias produzidas através da 
mistura de água e cimento Portland, com e sem incorporação de 
aditivos, de forma a se verificar a influência destes constituintes 
nos parâmetros reológicos analisados (tensão de escoamento, 
viscosidade aparente, perfil reológico do material e efeitos da con-
solidação desse material associados à hidratação do cimento). 
Na composição dessas pastas foram utilizadas diferentes relações 
água-cimento (0,40; 0,45 e 0,50), com e sem incorporação de adi-
tivo. Além disso, as pastas foram ensaiadas em diferentes tempos 
de hidratação (20 e 60 min), para que também fosse possível a 
verificação do efeito da hidratação do cimento nas propriedades 
reológicas das pastas cimentícias estudadas.

3.	 Materiais e métodos

3.1	  Materiais

Para a realização desta pesquisa utilizou-se o cimento CP III 40 RS, 
classificado como cimento Portland de Alto Forno resistentes à sulfatos 

de acordo com a norma NBR 5735 (ABNT, 1991). Para caracterização 
granulométrica do material, foi realizado ensaio utilizando um granulô-
metro (modelo Sympatec®) de difração a laser, cuja lente realiza leituras 
em materiais na faixa de 1,8 a 350 mm. A Figura 1 mostra a curva de 
distribuição granulométrica obtida para o cimento utilizado neste estudo.
O aditivo incorporado nas pastas cimentícias estudadas foi o GLE-
NIUM® 51 (da empresa BASF S. A.), que é um superplastificante 
à base de éter policarboxílico. A água utilizada neste trabalho foi 
obtida diretamente da rede de água da concessionária.

Figura 1 – Curva granulométrica do cimento Portland CP III 40 RS

Tabela 1 – Relações a/c e quantidade
de aditivo nas pastas analisadas

Pasta cimentícia Relação a/c Aditivo

Pasta 1 0,40 –

Pasta 2 0,45 –

Pasta 3 0,50 –

Pasta 4 0,40 0,2 %

Pasta 5 0,45 0,2 %

Pasta 6 0,50 0,2 %
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3.2 	 Composição e preparação das pastas cimentícias

Nesta pesquisa foram analisadas amostras de pastas cimentícias 
com três relações a/c distintas, com e sem acréscimo de aditi-
vo. Na Tabela 1 são apresentados os valores de relação a/c e a 
quantidade de aditivo determinada para cada amostra utilizada no 
ensaio de fluxo.

3.2.1 Procedimento de mistura

Como ainda não há um método normatizado de mistura para a pro-
dução de pastas cimentícias a serem utilizadas na determinação 
das propriedades reológicas utilizando reômetro de cisalhamento 
dinâmico, foi adotado na presente pesquisa o procedimento de mis-
tura das pastas cimentícias segundo a norma NBR 13276 (ABNT, 
2005) que se trata do preparo da mistura e determinação do índice 
de consistência da argamassa para assentamento e revestimento 
de paredes e tetos. As massas dos materiais foram estabelecidas 
numa balança eletrônica digital de precisão de 0,01g. Utilizou-se um 
misturador mecânico para garantir a homogeneização da amostra.
De acordo com a NBR 13276 (ABNT, 2005), primeiramente, pe-
sou-se separadamente a quantidade de água e cimento com apro-

ximação de 1,0g. Em seguida acrescentou-se na água a porção 
específica de cimento correspondente à relação a/c estudada, de 
modo contínuo num período de 30 segundos. Após a junção dos 
materiais, estes foram misturados com um mixer por 30 segundos 
e então o equipamento foi desligado. Limpou-se o mixer e espe-
raram-se mais 60 segundos e, por fim, ligou-se o equipamento e 
misturou-se por mais 30 segundos de forma a obter um a pasta 
homogênea. Nas pastas compostas também pelo aditivo, este foi 
incorporado à pasta após o término da mistura mencionada an-
teriormente, e a nova mistura foi homogeneizada com a espátula 
por 30 segundos. A Tabela 2 mostra as etapas executadas para 
preparação das pastas cimentícias.
Após todo o processo de mistura, as amostras foram mantidas em 
recipientes herméticos até a realização dos ensaios para que não 
houvesse perda de umidade para o meio. Antes de cada ensaio, a 
pasta era misturada novamente da seguinte forma: 30 segundos 
com o mixer, 15 segundos com a espátula e 30 segundos com o 
mixer novamente, a fim de manter sua homogeneidade.

3.3 	 Ensaio de fluxo

Através do ensaio de fluxo é possível obter a tensão de cisalha-
mento a uma dada taxa de cisalhamento. O ensaio consiste na 
aplicação de uma taxa crescente de cisalhamento com aceleração 
de 0 a 100 s-1 em 2 min seguida de uma desaceleração até 0, em 
mais 2 min, como ilustrada na Figura 2.
A partir da variação desses parâmetros, pode-se traçar o per-
fil reológico dos materiais e assim determinar importantes pro-
priedades reológicas, tais como viscosidade aparente (hap), ten-
são de escoamento (s0) e área de histerese (AH). A viscosidade 
aparente das pastas cimentícias foi avaliada na máxima taxa de 
cisalhamento aplicada, que neste estudo foi de 100 s-1. A tensão 
de escoamento foi aproximada pela extrapolação da curva de 
tensão de cisalhamento vs taxa de cisalhamento, até a taxa 0 s-1.  

Figura 2 – Rampa de 0 a 100 s-1 em 2 minutos 
e até 0 s-1 em mais 2 minutos 

(Betioli et al., 2009)

Figura 3 – Taxa de calor liberado durante 
6 h de hidratação. O intervalo do período 

de indução ocorre entre 20 min e 
110 min, aproximadamente (Silva, 2001)

Tabela 2 – Processo de mistura dos materiais

Procedimento Tempo inicial (s) Tempo final (s)

Junção de cimento 
com a água

0 30

Mistura com mixer 30 60

Limpeza e espera 60 120

Mistura com mixer 120 150
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Outro parâmetro analisado com os resultados do ensaio de fluxo é a 
área de histerese (AH). Esta área é formada através das curvas de 
aceleração e desaceleração no gráfico de tensão de cisalhamento 
vs taxa de cisalhamento (OLIVEIRA et al., 2000; BETIOLI et al., 
2012) e indica o grau de estruturação/desestruturação do sistema.
Os ciclos de cisalhamento foram realizados em tempos predefi-
nidos dentro do intervalo de indução ou dormência do cimento, 
o qual apresenta menor liberação de calor (KIRCHHEIM, 2008). 
Neste intervalo as reações de hidratação do cimento são consi-
deradas controladas, o que permite considerar a conservação da 
massa no momento do ensaio.  Silva (2001) determinou o período 
de indução entre 20 min e 110 min a partir das intersecções do 
trecho horizontal com duas retas: a reta traçada no período de 
pré-indução e a extrapolação da linha de regressão do período de 
aceleração, como apresentado na Figura 3.
Dessa forma, as pastas cimentícias foram ensaiadas em dois tem-
pos distintos de hidratação do cimento (20 min e 60 min) dentro do 
intervalo de indução do material para análise dos efeitos da hidrata-
ção do cimento nas propriedades reológicas das pastas cimentícias. 
Para a realização dos ensaios de fluxo foi utilizado um reômetro 
de cisalhamento dinâmico. A geometria escolhida para o ensaio de 
fluxo foi a geometria de placas paralelas, que possui diâmetro de 
40 mm e espaçadas de 1 mm. Para cada pasta estudada, foram 
ensaiadas três amostras. Na composição dos gráficos de tensão 
de cisalhamento vs taxa de cisalhamento e viscosidade vs taxa de 
cisalhamento utilizou-se a média aritmética dos valores das amos-
tras. A partir da análise dos gráficos verificaram-se os efeitos da 
relação água-cimento, da incorporação do aditivo e da hidratação 
do cimento em seu comportamento reológico. Para evitar a eva-
poração da água e manter a temperatura da amostra em 25o C 
durante o ensaio, utilizou-se um dispositivo protetor (placa peltier). 
Foi fixado na superfície de cada placa um adesivo texturizado para 
impedir o deslizamento da amostra, como ilustrado na Figura 4. 

4.	 Resultados e discussão

As Figura 5 e 6 ilustram a tensão de cisalhamento e a viscosidade 
aparente em função da taxa de cisalhamento para as pastas ci-
mentícias (com e sem aditivo) químico para cada tempo de hidra-
tação (20 e 60 min) analisado neste estudo.
É possível perceber que as pastas cimentícias estudadas neces-
sitam de uma tensão de cisalhamento inicial (s0) para iniciar o 
escoamento. Após superar esta tensão de escoamento, as pastas 
apresentam um comportamento não linear, mostrando uma ten-
dência de comportamento de um fluido Herschel-Bulkley, também 
conhecido como Bingham generalizado. 
Ao se analisar as áreas de histereses entre as curvas de acelera-
ção e desaceleração do gráfico tensão de cisalhamento vs taxa de 
cisalhamento, é possível perceber que aos 20 minutos de hidrata-
ção, esta área é praticamente nula. Isso pode indicar o estado de 
dispersão das amostras. Áreas de histereses pouco significativas 
indicam que o processo de mistura adotado foi suficiente para a 
obtenção de uma amostra homogênea com a quebra de todos 
os aglomerados.Já aos 60 minutos de hidratação, percebe uma 
tendência de reestruturação destes aglomerados e dessa, forma, 
essa quebra se dá nos ciclos de cisalhamento impostos.
A ação do aditivo é percebida pela redução dos n´veis de tensão 
de cisalhamento das amostras. Segundo Oliveira et al. (2003 apud 
França, Cardaso e Pilegi, 2012), os níveis de tensão requeridos 
para mistura de concretos são reduzidos ao se utilizar aditivos, 
pois estes possibilitam uma melhor dispersão das partículas. 
Observa-se (Figura 6) que em todas as pastas a viscosidade apa-
rente, obtida através da relação entre a tensão de cisalhamento e 
taxa de cisalhamento, diminui com o aumento da taxa de cisalha-
mento, mostrando a natureza tixotrópica do material. Nas pastas 
que obtiveram o acréscimo do aditivo ficaram evidentes os efeitos 
da adição destes no comportamento reológico das pastas, como a 

Figura 4 – Geometria de placas paralelas com peltier e adesivo texturizado

Placa Peltier

Geometria de placas paralelas

Adesivo texturizado
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Figura 5 – Tensão de cisalhamento vs taxa de cisalhamento em pastas cimentícias: 
(a) sem aditivo e (b) com aditivo, ensaiadas nos tempos de hidratação de 20 e 60 minutos

A

B

Tabela 3 – Propriedades reológicas 
das pastas cimentícias após tempo 

de hidratação de 20 min.

Tabela 4 – Propriedades reológicas 
das pastas cimentícias após tempo de 

hidratação de 60 min.

a/c

hap 
(Pa.s)

s0 
(Pa.s)

Sem 
aditivo

Com 
aditivo 

Sem 
aditivo

Com 
aditivo 

0,4 3,2 0,29 143 8,5

0,45 1,2 0,11 47 2,48

0,5 0,48 0,02 15 0,2

a/c

hap 
(Pa.s)

s0 – Aceleração
(Pa.s)

Sem 
aditivo

Com 
aditivo 

Sem 
aditivo

Com 
aditivo 

0,4 6,3 0,87 576 27

0,45 4 0,2 441 8

0,5 0,8 0,1 100 3
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diminuição da viscosidade aparente, como mostrado na Figura 6, 
quando comparadas as pastas sem aditivos (Figura 5). Com a adi-
ção deste material, as pastas se tornaram mais fluidas, e mais sus-
ceptíveis a deformações excessivas quando submetidas a tensões 
de cisalhamento, tonando mais difícil à medição de valores de ten-
são de cisalhamento com o equipamento utilizado nesta pesquisa.  
A Tabela 3 e 4 apresenta os valores da viscosidade aparente e das 
tensões de escoamento obtidas para os tempos de 20 min e 60 
min de hidratação, respectivamente.
É possível verificar que pastas sem aditivo e relação a/c de 0,40; 
0,45 e 0,5 sofreram, respectivamente, um incremente de 4, 9 e 7 
vezes nas suas tensões de escoamento quando atingiram a idade 
de hidratação de 60 min em comparação com a idade de hidratação 
de 20 min. O incremento no tempo de hidratação fez com que as 
pastas apresentassem uma estrutura mais aglomerada, devido ao 

processo de hidratação das partículas de cimento, sendo portanto 
necessário a aplicação de uma maior tensão para iniciar o esco-
amento da pasta, fenômeno este refletido no incremento de valor 
da tensão de escoamento. Como esperado, as pastas sem aditivo 
exibiram maiores resistências ao escoamento quando comparadas 
às pastas com aditivos, valores estes que também refletiram nas 
viscosidades aparentes das pastas estudadas. A adição de aditivos 
plastificantes a base de policarboxilato causam dispersão das par-
tículas de cimento, aumentando assim sua fluidez, efeito conhecido 
como repulsão elétrica. Assim, as pastas com aditivos se tornam 
mais fluidas, resultando numa expressiva diminuição dos valores 
de tensão de escoamento e viscosidade aparente quando compa-
ramos pastas com mesma relação água-cimento.
A Figura 7 ilustra a correlação entre a tensão de escoamento e a 
relação água-cimento obtida neste estudo.

Figura 6 – Viscosidade aparente vs taxa de cisalhamento em pastas cimentícias: 
(a) sem aditivo e (b) com aditivo, ensaiadas nos tempos de hidratação de 20 e 60 minutos

A

B
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É possível perceber uma tendência de correlação entre os parâ-
metros analisados utilizando uma função exponencial, tanto para 
pastas com e sem uso de aditivo. Os coeficientes de determinação 
(R2) de 0,99 e 0,96 para as pastas sem e com aditivos, respecti-
vamente, mostram uma correlação negativa forte entre a tensão 
de escoamento com a relação água-cimento. O uso deste tipo de 
correlação, com base em análise de parâmetros reológicos pode 
levar a medidas do grau de trabalhabilidade de uma maneira mais 
científica.

5.	 Conclusões

Para uma melhor compreensão da influência de variáveis impor-
tantes na dosagem de misturas cimentícias (relação a/c, hidrata-
ção do cimento e uso de aditivos químicos) no comportamento 
de materiais à base de cimento, utilizou-se ensaios reológicos. O 
comportamento reológico pastas cimentícias é complexo, pois di-
versos fatores interferem nas suas propriedades como, por exem-
plo, o tipo de cimento e sua natureza reativa, a relação água/ci-
mento utilizada, a presença de aditivos, as condições de mistura 
(velocidade, tempo, confinamento), entre outros.  
O ensaio de fluxo é uma ferramenta eficaz para a determinação das 
propriedades reológicas de pastas cimentícias em laboratório uma 
vez que é possível solicitar as amostras com alta magnitude de ci-
salhamento. O que resultou em diferentes valores das propriedades 
reológicas (viscosidade aparente e tensão de escoamento).
Observou-se que a viscosidade aparente é maior em pastas com 
menor relação água/cimento entre as amostras sem incorporação 
de aditivo. As pastas que tiveram incorporação de aditivo mostra-
ram viscosidades aparentes com pouca variação.
Verificou-se que as tensões de escoamento das pastas sem aditi-
vo cresceram significativamente com a idade de hidratação. 
Mostra-se necessária a realização de mais pesquisas para carac-
terização reológica de pastas cimentícias considerando o grande 
número de materiais que podem ser utilizados na confecção as 
mesmas.   
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Abstract  

Resumo

This work presents a model to predict the flexural behavior of reinforced concrete slabs, combining the Mazars damage model for simulation of 
the loss of stiffness of the concrete during the cracking process and the Classical Theory of Laminates, to govern the bending of the structural ele-
ment. A variational formulation based on the principle of virtual work was developed for the model, and then treated numerically according to the 
Finite Difference Energy Method, with the end result a program developed in Fortran. To validate the model thus proposed have been simulated 
with the program, some cases of slabs in flexure in the literature. The evaluation of the results obtained in this study demonstrated the capability 
of the model, in view of the good predictability of the behavior of slabs in flexure, sweeping the path of equilibrium to the rupture of the structural 
element. Besides the satisfactory prediction of the behavior observed as positive aspects of the model to its relative simplicity and reduced number 
of experimental parameters necessary for modeling.

Keywords: reinforced concrete slabs, damage mechanics, finite difference energy method.

Neste trabalho é apresentado um modelo para previsão do comportamento à flexão de lajes de concreto armado, combinando o modelo de dano 
de Mazars, para simulação da perda de rigidez do concreto durante o processo de fissuração e a Teoria Clássica de Laminados, para reger a 
flexão do elemento estrutural. Uma formulação variacional com base no princípio dos trabalhos virtuais foi desenvolvida para o modelo, sendo 
em seguida tratada numericamente segundo o Método das Diferenças Finitas Energéticas (MDFE), tendo como resultado final um programa 
desenvolvido em Fortran. Para validar o modelo proposto, foram simulados com o programa dois casos de lajes sob flexão, encontrados na lite-
ratura. A avaliação dos resultados obtidos nas análises demonstrou a potencialidade do modelo, tendo em vista a boa capacidade de previsão 
do comportamento de lajes sob flexão, varrendo a trajetória de equilíbrio até a ruptura do elemento estrutural. Além da satisfatória previsão do 
comportamento observou-se, como aspectos positivos do modelo, a sua relativa simplicidade e o número reduzido de parâmetros experimentais 
necessários à modelagem. 

Palavras-chave: laje de concrero armado, mecânica do dano, método das diferenças finitas energéticas.
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1. Introduction
 
The concrete structures are used throughout the world with 
many different applications, as bridges, buildings, roads, etc. 
However, the reduction of natural resources and the large con-
sumption of energy in production of cement and steel have re-
quired the use of structures using the full potential of these ma-
terials. Despite the design codes permitting the use of simplify 
models to calculate the reinforced concrete structures, only with 
the development of more sophisticated methods will be possible 
to obtain an optimized structure. Using an appropriate numerical 
method, that incorporates the nonlinearity of the physical mate-
rial, will be possible to predict with more accuracy the structural 
behavior of structures under bending, identifying their state of 
cracking and deformation.
Since 1904, the finite difference method (FDM) has been used in 
solving differential equations for structural analysis of continuous 
beams or plates loaded in plane or out of plane [1]. As a com-
putational method the FDM, together with finite element method 
(FEM), originated in the engineering literature in the mid 1950s. 
Many ideas and techniques are common to both methods, and in 
some cases they coincide. Nevertheless, with its more systematic 
use of the variational approach, its greater geometric flexibility, 
and the way it more easily lends itself to error analysis, the FEM 
has become the dominating approach both among numerical 
analysts and in applications [2]. However, recent studies have 
demonstrated the capability of the FDM in the analysis of rein-
forced concrete structures: structural analysis of slab [3], tensile 
members [4], frames [5] and columns [6] of reinforced concrete 
has been developed using physical or geometrical nonlinearity 
approach to evaluate the cracking, ultimate load, spalling, steel-
concrete bond-slip, deflection and buckling. The results indicate 
that: i) the comparisons with experimental results confirm the va-
lidity of the method and ii) the finite difference analysis procedure 
is both fast-running and accurate and most suitable for design 
office application, combining the speed of analysis and the detail 
and accuracy of FE analysis [7].
An evolution of the finite difference method is the Finite Differ-
ence Energy Method (FDEM).  Finite difference analysis divides 
a member into discrete segments to find an approximate solution 
to the differential equations of member motion. The segments 
in partial difference analysis are divided by nodes, with the dis-
placement at each node expressed in terms of the difference in 
displacement of adjacent nodes. In FDEM these differences are 
used directly in equations associated to principle of virtual work 
or to principle of potential energy. This fact leads to some advan-
tages over the traditional approach of the finite difference method 
with lower order derivatives and higher accuracy. With the varia-
tional principle, the boundary condition is taken care automati-
cally and the matrix of equilibrium equations is symmetric (in 
the case of elements without damage), which yield considerable 
savings in computational effort. By relying on energy equations, 
the method has a similar structure with the finite element method 
(FEM): the discretization is conceived in terms of nodal degrees 
of freedom and it uses the same kinematic boundary conditions. 
One advantage of this method with respect to the FEM is a reduc-
tion of degrees of freedom by node what demonstrates the great 
potential to mechanical analysis of complex structures.
In fact, structural applications of FDEM have emerged in 1950s, 

with Houbolt [8], Griffin and Varga [9] and Bushnell [10]. In Brazil 
the FDEM has been used since 1980s to analyze of isotropic 
beams, plates and shells [11-14]. Recently the FDEM, in associa-
tion with Damage Mechanics, was used to modeling of reinforced 
concrete beams and fiber concrete beams [15] resulting in good 
agreements with experimental results. This qualifies the model 
for analysis of more complex structures such as reinforced con-
crete slabs.
The application of nonlinear models for the study of reinforced 
concrete slabs is less reported in the technical literature, when 
compared with studies on beams. However, some important con-
tributions to the theoretical prediction of the bending behavior of 
slabs can be verified as the association between elastoplastic 
model and FEM [16-17]. The use of Mazars [18] with Boundary 
Element Method [19] alone or combined with FEM [20] has also 
been reported. Fracture Mechanic model and FEM were used 
by Bandeira [21] to analyze reinforced concrete slabs with com-
mercial software DIANA. All results indicate that, with the use of 
non-linear models for modeling the stress-strain behavior of con-
crete, it is possible to predict satisfactorily the structural behavior 
of reinforced concrete slabs under bending.
The main objective of this work is to verify the application of the 
FDEM to nonlinear analysis of reinforced concrete slabs using 
the Damage Model of Mazars [18]. Another nonlinear models, 
based at experimental results, has been used to describe the 
stress-strain behavior of concrete [22-24] but the application of 
Mazars´s Model showed a good performance to analyze of re-
inforced concrete beams [25-26] and requires few experimental 
parameters. Two reinforced concrete slabs evaluated experimen-
tally by Taylor et al. [27] and McNeice [28] were used to validate 
the proposed model.

2.	 Analytical formulation

2.1	 Damage model

The damage model proposed by Mazars [18] has easy implemen-
tation, when compared with anysotropic model, for example. This is 
because the damage variable D  is associated with the extension 
deformation of concrete according to the following hypotheses:
a)	 The damage process of concrete occurs in elastic state;
b)	 The concrete is considered isotropic before and after the damage;
c)	 It is supposed that the damage begins when the equivalent 

strain reaches a reference strain value εd0, determined in uni-
axial tensile tests in relation to the maximum stress.

In this analysis, the stress in a given main direction ( ) 1, 2  3i i and=  
can be represented by positive and negative:

(1a)i is s+ =  if 0is >  and 0is
+ =  if 0is £                                                                        

(1b)i is s- =  if 0is <  and 0is
- =  if 0is ³  
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Thus the tensile and compressive strains can be represented us-
ing Hooke´s Law:

(2a)
 3

1

1
ti i j

jE E

u ue s s+ +

=

+= - å

(2b)
 3

1

1
ci i j

jE E

u ue s s- -

=

+= - å

where u  is the coefficient of Poisson of concrete.

The extension state is locally characterized by an equivalent strain 
that is expressed by:

(3) ( ) ( ) ( )2 2 2

1 2 3e e e e+ + += + +

Where iε , main strain components, and iε + +, the positive parts, 
with 1,2  3i and= , are defined by (4) and (5), respectively:

(4) 
i ti cie e e= +

(5)
 ( )1

2
i i ie e e+ = +

According Mazars [18] the damage process starts when the ten-
sile strain exceeds the deformation doε , referred to the maximum 
stress of an uniaxial tension test (Equation 6).. As the concrete 
behaves differently in tension and compression, the damage vari-
able D  is obtained by combining properly the variables ctD  and 

ccD , related to tension and compression, respectively, as follows:

(6) 0doe e- £

(7) 
c t ct c ccD D Da a= +

where:

(8a)
 3

1 tii
t

v

e
a

e

+
=
+= å

                                                                                                                        

(8b)
 3

1 cii
c

v

e
a

e

+
=
+= å

with 

(9a)
 ( )1

2
ti ti tie e e+ = +

(9b) ( )1

2
ci ci cie e e+ = +

(9c)
 ( )

3

1
v ti ci

i

e e e+ + +

=

= +å

and: 0 1; 0 1;  1t c t ceα α α α≤ ≤ ≤ ≤ + = .
ctD  and ccD  are defined as:

(10a)
 ( )

( )
1

1 do t t
ct

t do

A A
D

exp B

e
e e e
-

= - -
é ù-ë û

(10b)
 ( )

( )
1

1 do c c
cc

c do

A A
D

exp B

e
e e e
-

= - -
é ù-ë û

where tA , tB , cA  and cB  are experimental parameters defined 
related to stress-strain curves of concrete under tension or com-
pression, respectively.
The constitutive relation of damaged concrete can defined thus as:

(11) ( )  1c cE Ds e= -

 

where cE   represents the elastic modulus of concrete undamaged.



943IBRACON Structures and Materials Journal • 2014 • vol. 7  • nº 6

M. V. A. LIMA  |  J. M. F. LIMA  |  P. R. L. LIMA

2.2	 Flexural model

The Classical laminated plate theory was used to model the reinforced 
concrete slab. In comparison, the discrete approach to modeling con-
crete and steel reinforcement include a large number of functions and 
material parameters and involve tedious programming and computa-
tional effort due higher degrees of freedom [17]. However, layered ap-
proach is more simple since the materials are represented by layers 
and the strain and stress of concrete and reinforcement through the 
thickness of the cross-section can be monitored progressively, in this 
manner providing an accurate representation of the structural behav-
ior. Layered approach in FEM have been widely used to analysis of 
reinforced concrete structures [17, 24, 29-31] with relative success.
Similar to the Euler-Bernoulli beam theory and the plate theory, the 
classical laminated plate theory is only valid for thin laminates with 
small displacement in the transverse direction. It shares the same 
classical plate theory assumptions: [32-33]:
1)	 The layers are perfectly bonded together;
2)	 The laminate is thin compared to the lateral dimensions and is 

loaded in its plane;
3)	 A straight line originally normal to the undeformed mid-surface 

remains straight and rotates so as to remain straight and normal 
to the deformed mid-surface plane;

4)	 A line normal to the mid-surface of the plate is inextensible 
(does not stretch);

5)	 Linear geometric analysis is considered with smalls deflec-
tions and rotations when compared to unity. The Kirchhoff’s thin 
plate approximations can be used here to derive relationships 
between in-plane and out-of-plane displacements, curvatures, 
twists, and strains;

6)	 The material of each layer is linearly elastic and has three 
planes of material symmetry (i.e, orthotropic). In fact, the clas-
sical plate theory usually assumes that the material is isotropic, 

while a fiber reinforced composite laminate with multiple layers 
may have more complicated stress-strain relations.

7)	 Loads are applied in mid-surface plane.
Based assumptions 1 to 5 the deformations u , v  and w  can be 
described entirely in terms of the deformation of the mid-surface 
plane  0u , 0v  and 0w  (Figure 1):

(12a)

(12b)

(12c)

where 0w
x

∂
∂

 and 0w
y

∂
∂

 are rotations of a normal the mid-plane  
 
about the x  and y  axes, respectively.
Based in assumption 5, by substitution of these displacements re-
lation into the strain-displacement equations of the classical theory 
of elasticity, the following relations are obtained:

(13a)
 2

0 0
2x

u w
z

x x
e

¶ ¶
= -

¶ ¶

(13b)
 2

0 0
2y

v w
z

y y
e ¶ ¶= -

¶ ¶

(13c)
 2

0 0 02     xy

u v w
z

y x x y
g

¶ ¶ ¶
= + -

¶ ¶ ¶ ¶

(13d) 0  ze =

(13e) 0xzg =

Figure 1 – Undeformed and deformed 
geometries of an edge of a plate 
under the Kirchhoff assumptions
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(13f) 0yzg =

Each lamina in the laminate is assumed to be in plane stress state 
so that the constitutive relation for a typical lamina k , assuming 
nonlinearity of material, can be written as: 

(14)
 

11 12 16

12 22 26

16 26 66

x x

y y

xy xy

Q Q Q

Q Q Q

Q Q Q

s e
s e
t g

é ù é ùé ù
ê ú ê úê ú=ê ú ê úê ú
ê ú ê úê úë ûë û ë û

The elements of [Q ] are related to the engineering constants E , 
G  and u , according assumption 6, as follows. Transformation of 
lamina stress and strain from the 1-2 axes to the rotated x - y  
axes (orientation θ ) is shown here in matrix notation.

(15a) ( )4 2 2 2
11 11 12 66 22cos 2 2 sen cos senQ Q Q Q Qq q q q= + + +

(15b) ( ) ( )2 2 4 4
12 11 22 66 124 sen cos sen cosQ Q Q Q Qq q q q= + - + +

(15c) ( )2 2 2 4
22 11 12 66 22sen 2 2 sen cos cosQ Q Q Q Qq q q q= + + +

(15d) ( ) ( )3 3
16 11 12 66 12 22 662 sen cos 2 sen cosQ Q Q Q Q Q Qq q q q= - - + - +

(15e) ( ) ( )3 3
26 11 12 66 12 22 662 sen cos 2 sen cos )Q Q Q Q Q Q Qq q q q= - - + - +

(15f) ( ) ( )2 2 4 4
66 11 22 12 66 662 2 sen cos sen cosQ Q Q Q Q Qq q q q= + - - + +

(16a)

(16b)

(16c)

(16d) ( )  
66 12 1 Q G D= -

where:
1  E is the longitudinal elastic modulus in direction x ;
2E  is the longitudinal elastic modulus in direction y ;

12u  = u21 is the major Poisson´s ratio of layer associates to direc-
tions x  and y ;

12G  is the shear modulus associates to directions x  and y ;
D  represents the damage of material.
In this formulation, the loads and moments can be expressed in 
matrix form as (Figure 2):

(17a)

(17b)

where  ,  xx yyN N  and xyN  are in plane membrane forces per unit 
length (due to stretching of the plate mid surface), xxM  and yyM  

Figure 2 – Coordinate system and layer 
numbering used for a laminated plate
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are bending moments per unit length about the y  and x  axes, 
respectively, and xyM  are twisting moment per unit length (similar 
to torsion in a beam).
These matrices are termed: ijA  = extensional stiffness matrix; ijD  
= bending stiffness matrix; ijB  = extension-bending coupling ma-
trix. A convenient form for the [ ]A , [ ]B  and [ ]D  matrices can be 
established by examining the position of the thk  lamina in Figure 2:

(18a)
 ( )( )1

1

                    
n

k

ij ij k k
k

A Q z z dz+
=

= -å

(18b)

(18c)
 ( ) ( )( )3 3

1
1

1
  

3

n
k

ij ij k k
k

D Q z z dz+
=

= -å

Can be observed in equation 17 that internal forces and moments 
are dependent of displacements, layer position and material prop-
erties. Therefore, the application of nonlinear models (damage 
model of concrete and plasticity of steel) affect directly the me-
chanical behavior of laminated plates.
The virtual work done by internal forces is expressed by:

(19)

 

0

 2
0 0 0 0 0

2int xx yy xy xx

r

u v u v w
W N N N M

x y y x x
d d d d d d

ì é ù æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ï æ ö æ ö= + + + - -í ê úç ÷ ç ÷ç ÷ ç ÷ ç ÷è ø è ø¶ ¶ ¶ ¶ ¶è ø è ø è øï ë ûî
ò

 
2 2

0 0
2

2yy xy

w w
M M dxdy

y x y
d d

üæ ö æ ö¶ ¶ ï- - ýç ÷ ç ÷¶ ¶ ¶è ø è ø ïþ

where 0r  is the area of the mid-surface of the plate. 
The virtual work done by external forces can be expressed by Eq. 
(20) considering loads acting on the domain and on the boundary 
of the plate (Figure 3 shows positive directions of loads) and ac-
cording assumption 7:

(20)

which
is the transversal force per unit area acting on mid-surface of the plate; 

xxF , xyF  and xzF  are the forces per length unit along the edges 

0x =  and x a= , second to the directions x , y  e z , respectively;
xxM  is the bending moment per unit length, applied along the edg-

es 0x =  and x a= ; 
yxF , yyF  and yzF  are the forces per length unit along the edges 

0y =  and y b= , according to the directions x , y  e z , respectively; 
yy  is the Bending moment per unit length applied along the edg-

es 0y =  and y b= .
The moment of torsion was not considered in the external work 
since it is not usually applied in slabs, despite it appears the inter-
nal efforts.

3.	 Numerical formulation

After expressing the work done by internal forces as a function of 
displacement, by replacing the expressions of internal efforts (17a) 
and (17b) in (19), the numerical treatment according to EFDM can 
be applied. 
First, it is necessary to introduce in equations of the intWδ  and 

extWδ  the representations used in finite differences for the deriv-
atives of the displacements. It is assumed, for evaluation these 
virtual works, that the plate is divided into sections of integration 
(area elements) in which all magnitudes involved are supposed 
constant. After determination of intWδ  e extWδ , by the summation 
of the contributions of the various sections of integration, a system 
of algebraic equations of equilibrium is obtained by application of 
principle of virtual work. The resolution of this system permits to 
obtain the numerical solution based in unknowns nodal displace-
ments 0u , 0v  e 0w . To determination of the system of algebraic 
equations it is considered the kinematic condition of the boundary 
and others variation of displacements, arbitrary and independent 
of each other.
In the numerical formulation developed in this work are used 
two types of representations for the derivatives of the displace-
ments: centered representation and reduced representation. 
For this, consider the Figure 4, where ( )f x  represents the 
function 0u , 0v  e 0w  and m  is the point where the derivatives 
are evaluated (pivotal point). The nodal spacing is λ. First and 
second derivative of the function ( )f x  evaluated at point m
are ( )1 1

1'
2m m mf f f

λ + −= −  and ( )"
1 12

1 2m m m mf f f f
λ + −= − + . 

Figure 3 – Forces and moment 
resultants on a plate element
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In areas located along the edges of the board, the use of rep-
resentation centered at the first derivative of 0u  and 0v  can 
cause singularity in the coefficient matrix. Therefore, for those 
derivatives is assumed to reduced representation, as sug-
gested by Graça [14]. This representation can be defined by 

( )1
1'm m mf f f
λ += − .

For the numerical discretization of the domain a bL L×  of plate, the 
method provides a generation of sections of integration obtained 
from subdivisions in the  x  and y  directions: xn  and yn , respec-
tively. Thus, an generic section of integration presents the rect-
angular dimensions   /x a xL nλ =  and   /y b yL nλ = , with a total of 
( ) ( )3 3x yn n+ × +  nodes and ( ) ( )1 1x yn n+ × +  area elements for 
integration, with nine different types of section, as shown in Figure 
5. The area element type 1, 3, 7 and 9 are located in the corners of  
 
the plate and display area 

4
x yλ λ× ,  while the element type 2, 4, 6  

 
and 8, the area is 

2
x yλ λ× . The remaining sections of integration  

 

(type 5) have area x yλ λ× , as illustrated in Figure 5. 
The section of integration (see Figure 5) is composed of nine nodal 
points and for each of these points are associated with three de-
grees of freedom 0u , 0v  and 0w , which incorporates, for each area 
element a total of 27 displacements. Note that the second-order 
derivatives of the displacements of the nodes, associated with the 
edges of the board, require external nodes, called virtual nodes.
More information about the sequence of development of the nu-
merical treatment, according to EFDM, can be found in [13-15].

4.	 Comparisons with experimental results

Two slabs solved in the literature was resolved by the aid of the 
newly developed computer program: a two-way slab support-
ed by its four edges and submitted to distributed loading [27]; 
a two-way slab supported by its four corner and submitted to  

Figura 4 – Function f (x) used to represent 
the derivative of displacement

Figure 5 – Finite difference discretization 
of plate: nine sections of integration; 

virtual nodes and real nodes

Table 1 – Material properties

Slab supported by its four edges

E(GPa) vc fc (MPa) Ac Bc ft (MPa) εd0
At Bt fy (MPa)

Concrete
steel

32,42 0,18 35,04 1,00 1600 3,60 1,11 x 10-4 0,80 10000 –

206,91 – – – – – – – – 375,90

Slab supported by its four corners

E(GPa) vc fc (MPa) Ac Bc ft (MPa) εd0
At Bt fy (MPa)

Concrete
steel

28,61 0,15 37,92 1,00 1650 3,80 1,33 x 10-4 0,80 10000 –

201,30 – – – – – – – – 345,40
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concentrated load [28]. The numerical discretization used the ge-
ometry and loading symmetry, analyzing thus, a quarter of plate. 
The numerical results were compared with experimental load-de-
flection curves of slabs and rupture load.

4.1	 Computer simulation of stress–strain curves

Table 1 shows the experimental dates of used concrete ( cE , cf , 
tf  e cu ) and steel ( sE  e yf ) and the parameter values associated 

with damage model. Based on dates, the theoretical stress-strain 
curves (Figure 6) were obtained using equations (10) and (11).  
 
Initially, the strain value t

do
f
E

ε =  was determined. After this,  
 
appropriate constants tA , tB , cA  and cB .are tested until to obtain 
a good agreement between experimental and theoretical values. 

The obtained tensile parameter tA  shown similarity with values 
indicated by Lemaitre e Mazars [34] and Challamel [35]. How the 
experimental stress-strain curves were not obtained by authors, 
the compressive parameters cA  and cB  were changed until to 
obtain a same experimental compressive strength cf  and a peak 
strain between 2‰ and 3‰. Similar procedure was used by many 
researchers [18, 19, 23, 25, 34, 36].
Reinforcing steel was modeled as an uniaxial layer considered as 
an one-dimensional material in the reinforcement direction. The 
center of steel layer coincides with reinforcement center of experi-
mental slabs and has an equivalent area. An elastoplastic model 
was used and three parameters are necessary as input data to 
define the steel model: the initial Young´s modulus sE , the yield 
stress yf  and the ultimate strain suε  (adopted as 10‰).

Figure 6 – Analytical stress-strain curves using Damage Model of Mazars

Figure 7 – Geometry, structure and material parameters of RC-slab according to [16]
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4.2	 Two-way slab supported by its four edges

Figure 7 shows the geometry, structure and reinforcement  
characteristics of RC-slab experimented by Taylor et al [27].  
The slab, supported by its four edges and subjected to a distributed 
load at the top, has a square shape with 915 mm side length and  
51 mm thickness.
One very important feature of non-linear models applied to the 
analysis of structural reinforced concrete elements is the problem of 
mesh size. In this example, two numerical parameters were tested. 
The ideal discretization was obtained after several tests and resulted 
in a plate with 8 x 8 subdivisions. The cross section was divided into 
10, 15, 22 and 36 concrete and steel layers superimposed.

Figure 8 – Effect of damage of 
transversal elastic modulus on 
load-displacement behavior

The load–deflection curve, calculated with 8 x 8 subdivisions and 
15 layers is depicted in Fig. 8, together with the experimental re-
sults. Can be observed the presence of three numerical curves 
resultant of application, or not, of different damage parameter to 
shear modulus 12G :

1) 

 

( )
1

12
2 1

E
G

u
=

+
 , where 1 cE E=  and ; cu u=  

2) 
( )

1

12

1

2 1
cE D

G
u

-
=

+
 , where 1 cE E= , cu u=  and c t ct c ccD D Da a= + ; 

3) 
( )

1

12

1

2 1
t ctE D

G
a
u

-
=

+
 , where 1 cE E=  and cu u= . 

It was observed a great influence of variation of transversal modu-
lus on load-deflection behaviour of slabs. The adoption of undam-
aged modulus (situation 1) results in the more stiffness solution 
where the loss of load after the concrete cracking cannot to be ad-
equately modeled. However, the application of damage coefficient 
The results illustrated in Fig. 19 indicate in a numerical curve with 
lower stiffness, after cracking, than experimental curve. In fact, the 
main factor that affect the loss of transversal stiffness of concrete 
is the cracking of slab in region under traction. In situation 3 the 
isotropic damage of 12G  is associated with the ctD  parameter and 
a best agreement between experimental and numerical results is 
observed. The fail of slab was characterized by yielding of steel of 
reinforcement (es så 10‰> ).
In order to study the influence of layer, the example was analyzed 
by three other meshes, composed of 10, 22 and 36 layers for the 
cross section. The results illustrated in Fig. 12 indicate, for the pre-
sented example, that the increasing of the number of layers from 
15 to 36 produced almost the same results for the load-displace-
ment curve. So, it is important to point out that 15 layers for the 
cross section is really enough, even when the non-linearity effects 
are very significant.
The load–deflection relationship obtained by this model is again 
shown in Fig. 10 in addition to results presented by Jiang e Mirza 

Figure 9 – Influence of quantity of layers 
on numerical modeling at slab 

supported by its four edges

Figure 10 – Comparison between 
experimental, proposed 
model and FEM model
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[16]. This last model is based in Finite Element Method, Plastic 
Model to concrete and Classic Theory of Plates. The obtained re-
sults are very close to the numerical ones, showing the good ac-
curacy of the present model with a similar degree of freedom.

4.3	 Two-way slab supported by its four corners

The second example examined (tested by McNeice [28]) consisted 
of square corner-supported slab subjected to a point load applied 
at the center. The two-way slab was 915x915 mm square and 44 
mm thick, and reinforced with an orthogonal mesh giving a rein-
forcement ratio of 0.85%. Geometric properties, reinforcement and 
material parameters are shown in Fig. 11. Material parameters are 
shown in Table 1. The transversal modulus was damage according 
situation 3 indicated in the last item.
In representing this specimen, a 14 x 14 subdivision (15 x 15 area 
elements) was used to model one-quarter of the slab. This exam-
ple also was analyzed by meshes composed of 10, 15, 22 and 
36 layers for the cross section. The results illustrated in Fig. 12  

Figure 11 – Geometry and structure of slab supported by its four corners according to [37]

Figure 12 – Influence of quantity of 
layers on numerical modelling at 
slab supported by its four corners

Figure 13 – Comparison between proposed 
model and FEM models to slab 

supported by its four corners

indicate reasonably accurate predictions of load-deflection curve 
and they confirm the use of 15 layers as the better solution. The 
modification of stiffness, after cracking of concrete, is resultant of 
numerical application of damage to concrete. In ultimate load it is 
verified a large concrete strain ( 5.7‰cε > ) and a steel strain in 
elastic regime ( 10‰sε < ) that indicate a rupture of slab by crush-
ing of concrete under compression.
The McNiece slab is one often used as a benchmark for calibrating 
nonlinear analyses. Comparison of present model with another 
numerical model are shown in Figure 13. Kratz e Polling [37] used 
elastoplastic damage model to represent the stress-strain behav-
ior of concrete under tension and compression in a Finite Element 
Method (FEM) program. Crisfield [38] evaluated the combination 
of FEM, using square elements, with linear softening behavior 
of concrete under traction. The criterion of Von Mises was ad-
opted as the failure criterion for the concrete under compression. 
Doulah e Kabir [39] used FEM (square element with 4 degrees 
of freedom) and Classic Theory of Plates of Mindlin. To concrete  
behavior was adopted the linear softening in traction and bi-lin-
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ear curve in compression. Zhang et al [17] used FEM (square 
element with 24 degrees of freedom) associated with Classic 
Theory of Plates of Mindlin and Reissner. Concrete was modeled 
as elastic linear under compression and to the tensile behavior 
under traction was used a new model that consider the crack-
ing of concrete in orthogonal direction with main direction. It is 
observed a better agreement with Krazt and Polling model while 
another models shown a more stiffness solution after first crack 
and rupture load very different of the experimental results. Thus 
the damage model appears as a good alternative for modeling 
concrete behavior.

5.	 Conclusion

A new model was presented in this work to predict the flexural 
behavior of reinforced concrete slabs. Combining the Finite Dif-
ference Energy Method with Classical Theory of Laminates it was 
possible to perform a nonlinear analyses by application of Damage 
Model, proposed by Mazars, to represent the concrete behavior 
under tracion and compression.
The results indicate the necessity of the application of tensile dam-
age parameter ( ctD ) to reduces the transversal elastic modulus 
after cracking of concrete. In fact, how the evaluation of reinforced 
concrete slab is a bidimensional problem, the cracking affect the 
properties in all directions.
The comparison with experimental results demonstrate the effi-
ciency of method to describe the load-deflection behavior and to 
determine the rupture load. Comparing with other numerical solu-
tions, using FEM, it is observed a higher accuracy of proposed 
model, mainly considering the low discretization necessary.
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Abstract  

Resumo

This work presents a model to predict the flexural behavior of reinforced concrete slabs, combining the Mazars damage model for simulation of 
the loss of stiffness of the concrete during the cracking process and the Classical Theory of Laminates, to govern the bending of the structural ele-
ment. A variational formulation based on the principle of virtual work was developed for the model, and then treated numerically according to the 
Finite Difference Energy Method, with the end result a program developed in Fortran. To validate the model thus proposed have been simulated 
with the program, some cases of slabs in flexure in the literature. The evaluation of the results obtained in this study demonstrated the capability 
of the model, in view of the good predictability of the behavior of slabs in flexure, sweeping the path of equilibrium to the rupture of the structural 
element. Besides the satisfactory prediction of the behavior observed as positive aspects of the model to its relative simplicity and reduced number 
of experimental parameters necessary for modeling.

Keywords: reinforced concrete slabs, damage mechanics, finite difference energy method.

Neste trabalho é apresentado um modelo para previsão do comportamento à flexão de lajes de concreto armado, combinando o modelo de dano 
de Mazars, para simulação da perda de rigidez do concreto durante o processo de fissuração e a Teoria Clássica de Laminados, para reger a 
flexão do elemento estrutural. Uma formulação variacional com base no princípio dos trabalhos virtuais foi desenvolvida para o modelo, sendo 
em seguida tratada numericamente segundo o Método das Diferenças Finitas Energéticas (MDFE), tendo como resultado final um programa 
desenvolvido em Fortran. Para validar o modelo proposto, foram simulados com o programa dois casos de lajes sob flexão, encontrados na lite-
ratura. A avaliação dos resultados obtidos nas análises demonstrou a potencialidade do modelo, tendo em vista a boa capacidade de previsão 
do comportamento de lajes sob flexão, varrendo a trajetória de equilíbrio até a ruptura do elemento estrutural. Além da satisfatória previsão do 
comportamento observou-se, como aspectos positivos do modelo, a sua relativa simplicidade e o número reduzido de parâmetros experimentais 
necessários à modelagem. 
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1.	 Introdução

As estruturas de concreto são utilizadas em todo o mundo nas 
mais diferentes aplicações como pontes, edificações, estradas, 
etc. Por outro lado, devido à necessidade de redução do consumo 
de recursos naturais e do consumo de energia, na produção do 
cimento e aço, torna-se necessário que as estruturas usem todo o 
potencial destes materiais. Como as normas de dimensionamento 
permitem a adoção de modelos simplificados para o cálculo dos 
elementos de concreto armado, o que se verifica, muitas vezes, 
é a utilização de estruturas mais robustas, e mais caras, do que 
seria necessário para manter a segurança e uso esperados. Para 
minimizar esse problema é importante a utilização de métodos de 
análise mais avançados, que incorporem a não lineridade física do 
material e possam prever com maior precisão o comportamento 
estrutural de elementos de concreto em estágios avançados de 
fissuração e deformação.
Desde 1904 o Método das Diferenças Finitas (MDF) tem sido uti-
lizado na solução de equações diferenciais para análise estrutural 
de vigas contínuas e placas [1]. Como método computacional o 
MDF, junto com o Método dos Elementos Finitos (MEF), surgiu 
na literatura técnica na década de 50. Muitas idéias e técnicas 
são comuns aos dois métodos, mas devido ao uso mais sistemá-
tico da abordagem variacional e maior flexibilidade geométrica o 
MEF tornou-se o mais utilizado ao longo do anos [2]. No entanto, 
estudos posteriores tem demonstrado a capacidade do MDF na 
análise de estruturas de concreto armado como lajes [3], elemen-
tos tracionados [4], pórticos [5] e colunas [6]. Devido a versatili-
dade do MDF a análise destas estruturas tem sido desenvolvida 
com a incorporação de não lineridade física e/ou geométrica para 
avaliação de fissuração, carga de ruptura, escorregamento aço-
-concreto, deflexão, flambagem e mesmo “spalling” do concreto. 
Os resultados desses estudos indicam que: i) a comparação com 
o resultado experimental confirma a validade do método; ii) o pro-
cedimento de análise em diferenças finitas é ao mesmo tempo 
rápido e preciso, e, dessa forma, adequado para utilização em 
escritórios de projeto estrutural, visto que combina a velocidade 
de análise com a precisão do MEF [7].
Uma evolução do MDF é o Método das Diferenças Finitas Energé-
ticas (MDFE) que possui algumas vantagens sobre a abordagem 
tradicional, a exemplo da utilização de derivadas de menor ordem 
e, portanto, de maior precisão. Isto é decorrente do fato de que as 
representações em diferenças finitas das derivadas dos deloca-
mentos, serem inseridas diretamente nas equações do princípio 
variacional. Outra vantagem é o fato de somente condições de 
contorno cinemáticas serem requisitadas, por ser o MDFE basea-
do em equações de energia, fato este que o faz ter uma estrutura 
similar ao MEF, sendo a discretização concebida em termos de 
trechos de integração e graus de liberdade nodais.Todavia, cabe 
ressaltar que há redução do número de graus de liberdade por nó, 
comparativamente a um tratamento via MEF. Um último aspecto 
é o fato da matriz de coeficientes dos deslocamentos resultar si-
métrica para uma grande variedade de problemas, o que implica 
em considerável economia do esforço computacional. Portanto, o 
potencial do MDFE para análise mecânica de estruturas comple-
xas fica evidente. De fato, aplicações estruturais do MDFE foram 
apresentadas por Houbolt [8], Griffin e Varga [9] e Bushnell [10]. 
No Brasil o MDFE tem sido utilizado desde a década de 1980 para 
análise de vigas, placas e cascas isotrópicas [11-14]. e mais re-

centemente tem sido utilizado para análise de vigas de concreto 
armado e concreto com fibras [15]. Para tal, foi utilizada a mecâni-
ca do dano para predição do comportamento tensão-deformação 
do concreto sob tração e compressão o que resultou em uma boa 
aproximação do resultado numérico com os resultados experi-
mentais de vigas de concreto. Isso credencia o modelo para análi-
se de estruturas mais complexas como lajes de concreto armado.
Quanto à aplicação de modelos não lineares para o estudo de lajes 
de concreto armado, embora se constate um volume menos ex-
pressivo de trabalhos publicados em comparação à literatura vol-
tada às vigas de concreto armado, podem ser destacadas impor-
tantes contribuições para a previsão teórica do comportamento à 
flexão de lajes. A consideração da não linearidade tem sido feita 
através de modelos elastoplásticos combinado com o MEF [16-17] 
ou pelo modelo de dano de Mazars [18] através do método dos 
elementos de contorno [19] sozinho ou combinado com o MEF [20]. 
Modelos baseados na Mecânica da Fratura foram utilizados por 
Bandeira [21], que analisou lajes de concreto armado utilizando o 
programa Diana, este baseado no MEF. A análise desse conjunto 
de resultados revela que a utilização de modelos não lineares para 
modelagem do comportamento tensão-deformação do concreto é 
fundamental para se conseguir prever de forma satisfatória o com-
portamento estrutural de lajes de concreto armado sob flexão.
O objetivo principal deste trabalho é verificar a aplicação do MDFE 
na análise não linear de lajes de concreto armado usando o mode-
lo de dano de Mazars [18]. Outros modelos não lineares, baseados 
em resultados experimentais, têm sido utilizados para descrever o 
comportamento do concreto sob tensão [22-24], mas o modelo 
de Mazars foi escolhido por seu bom desempenho na análise de 
vigas de concreto armado [25-26] e pelo fato deste requerer pou-
cos parâmetros experimentais, e todos de obtenção relativamen-
te simples. Para validação do modelo proposto foram analisadas 
duas lajes de concreto armado avaliadas experimentalmente por 
Taylor et al. [27] e McNeice [28].

2.	 Desenvolvimento da formulação 
	 analítica

2.1	 Modelo de dano

O modelo de dano de Mazars [18] é um modelo relativamente 
simples quando comparado a outros. Nesse modelo a variável de 
dano é medida em função do alongamento do material e possui as 
seguintes hipóteses básicas:
a)	 O processo de dano do concreto ocorre no estado elástico, não 

apresentando deformações plásticas;
b)	 O concreto é considerado isotrópico mesmo após o início da 

danificação;
c)	 A evolução do dano ocorre quando o limite de deformação elás-

tica de alongamento é ultrapassado.
As tensões em uma dada direção principal ( ) 1, 2 e 3i i =  podem 
ser representadas em função de suas parcelas positiva e negativa 
da seguinte forma:

(1a)i is s+ =  se 0is >  e 0is
+ =  se 0is £                                                                        
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(1b)i is s- =  se 0is <  e  0is
- =  se 0is ³  

Dessa forma as deformações por tração e por compressão po-
dem ser escritas em função das tensões, através da lei de Hooke, 
como a seguir: 

(2a)
 3

1

1
ti i j

jE E

u ue s s+ +

=

+= - å

(2b)
 3

1

1
ci i j

jE E

u ue s s- -

=

+= - å

onde υ  é o coeficiente de Poisson do concreto. 
A deformação principal na direção i  pode então ser expressa por:

(3) 
i ti cie e e= +

As deformações associadas aos alongamentos desenvolvidos em 
cada direção principal i  são dadas por:

(4)
 ( )1

2
i i ie e e+ = +

Nota-se assim, que só são contabilizadas as deformações que 
geram alongamento em (4). Portanto, de acordo com as deforma-
ções apresentadas na equação (3), a deformação equivalente ε  
pode ser assim definida: 

(5) ( ) ( ) ( )2 2 2

1 2 3e e e e+ + += + +

Para compatibilizar o modelo de dano com a Teoria Clássica de 
Laminados, será adotada a medição das deformações em pontos 
da superfície média de cada camada que constitui a placa.
Segundo o modelo de Mazars [18], o processo de danificação do 
material só ocorre para valores de deformações superiores a doε , 
ou seja o limite de tração do material, a partir do qual tem inicio a 
fissuração do concreto. Portanto, a condição para permanência do 
concreto no regime linear fica assim expressa:

(6) 0doe e- £

Devido ao comportamento assimétrico do concreto em relação à 
tração e compressão, existe a necessidade de determinação de 
duas variáveis distintas para o dano, uma para compressão ccD , 
e outra para tração ctD . Para o caso multiaxial, o dano do concre-
to cD  deve ser obtido através de uma combinação linear dessas 
duas variáveis, ficando o dano assim representado: 

(7) 
c t ct c ccD D Da a= +

onde:

(8a)
 3

1 tii
t

v

e
a

e

+
=
+= å

(8b)
 3

1 cii
c
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e
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e
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=
+= å

com 

(9a)
 ( )1

2
ti ti tie e e+ = +

(9b) ( )1

2
ci ci cie e e+ = +

(9c)
 ( )

3

1
v ti ci

i

e e e+ + +

=

= +å

cabendo observar que: 0 1; 0 1;  1t c t ceα α α α≤ ≤ ≤ ≤ + = .
As equações definidas por Mazars [18] para a evolução do dano 
por tração ctD  e compressão ccD  são apresentadas a seguir:

(10a)
 ( )

( )
1

1 do t t
ct

t do

A A
D

exp B

e
e e e
-

= - -
é ù-ë û

(10b)
 ( )

( )
1

1 do c c
cc

c do

A A
D

exp B

e
e e e
-

= - -
é ù-ë û

onde as constantes tA , tB , cA  e cB  são parâmetros do material 



955IBRACON Structures and Materials Journal • 2014 • vol. 7  • nº 6

M. V. A. LIMA  |  J. M. F. LIMA  |  P. R. L. LIMA

(concreto) determinados a partir das correspondentes curvas ex-
perimentais tensão-deformação (σ - ε ), à tração e à compressão 
uniaxial, respectivamente. Para tanto, são geradas duas curvas 
teóricas (σ - ε ), ajustadas às experimentais (uma para tração e 
outra para compressão), utilizando a equação baseada no modelo 
de dano, ou seja:

(11) ( )  1c cE Ds e= -

 

sendo cE  o módulo de elasticidade longitudinal do concreto. 

2.2	 Modelo de flexão

Na formulação analítica foi utilizada a Teoria Clássica dos Lami-
nados. Na abordagem discreta o concreto e o aço são modelados 
separadamente e a construção do modelo torna-se mais difícil e 
demorada uma vez que um grande número de graus de liberdade 
é necessário [17]. Na abordagem por camadas o elemento estru-
tural é formulado como um compósito laminado que consiste de 
camadas finas, de concreto ou de aço, totalmente aderidas en-
tre si. As tensões de tração e de compressão são monitoradas 
progressivamente, em cada camada, para verificar a fissuração 
ou esmagamento do concreto e o escoamento ou ruptura do aço. 
Modelos em MEF por camadas têm sido amplamente utilizados 
para análise de estruturas de concreto armado [17, 24, 29-31] e 
têm se mostrado eficiente. 
Para análise do laminado as seguintes hipóteses são considera-
das [32-33]:
1)	 O laminado consiste de lâminas perfeitamente coladas entre si, 

isto é, sem deslizamento ou descolamento. Isto significa que os 
deslocamentos são descritos por funções contínuas;

2)	 A placa é considerada delgada, ou seja, a espessura é relativamen-
te pequena em relação às outras duas dimensões (superfície); 

3)	 Linhas inicialmente retas e perpendiculares à superfície que 
define a geometria da estrutura (superfície média da placa) per-
manecem retas e perpendiculares a essa superfície, quando o 
laminado for solicitado;

4)	 As linhas normais à superfície de referência são consideradas 
inextensíveis, isto é, têm comprimentos constantes;

5)	 Supõe-se que o carregamento na placa acarreta rotações e 
deformações pequenas perante a unidade, enquadrando o pro-
blema no âmbito geometricamente linear;

6)	 As lâminas são formadas por materiais ortotrópicos de com-
portamento linear elástico (observa-se que o comportamento 
deixa de ser linear, por conta das considerações feitas para as 
relações tensão-deformação do concreto e do aço);

7)	 Admite-se que todas as cargas são aplicadas na superfície mé-
dia da placa.

As hipóteses 2 a 5, usadas na teoria de Kirchhoff para placas del-
gadas, juntamente com a hipótese 1, permitem deduzir as relações 
mostradas a seguir, entre as componentes de deslocamento u , v  
e w  de um ponto qualquer da placa, e as componentes 0u , 0v  e 

0w  de um ponto correspondente situado sobre a superfície média 
(Figura 1):

(12a)

(12b)

(12c)

onde as derivadas 0w
x

∂
∂

 e 0w
y

∂
∂

 são, respectivamente, as  
 
declividades da superfície média nas direções x  e y .
Com base na hipótese 5 têm-se as seguintes relações deforma-
ção-deslocamentos:

(13a)
 2

0 0
2x

u w
z

x x
e

¶ ¶
= -

¶ ¶

(13b)
 2

0 0
2y

v w
z

y y
e ¶ ¶= -

¶ ¶

Figura 1 – Geometria de deformação 
da placa no plano xz
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(13c)
 2

0 0 02     xy

u v w
z

y x x y
g

¶ ¶ ¶
= + -

¶ ¶ ¶ ¶

(13d) 0  ze =

(13e) 0xzg =

(13f) 0yzg =

Considerando que as lâminas estão em um estado plano de ten-
sões, tem-se para uma lâmina k as seguintes relações entre ten-
sões e deformações atuantes, já incorporando a não linearidade 
física dos materiais, através do dano contínuo de Mazars (Concre-
to) e do modelo elastoplástico perfeito (aço): 

(14)
 

11 12 16

12 22 26

16 26 66

x x

y y

xy xy

Q Q Q

Q Q Q

Q Q Q

s e
s e
t g

é ù é ùé ù
ê ú ê úê ú=ê ú ê úê ú
ê ú ê úê úë ûë û ë û

com as propriedades mecânicas das lâminas (ortotrópicas), como 
mostra a hipótese 6, calculadas por:

(15a) ( )4 2 2 2
11 11 12 66 22cos 2 2 sen cos senQ Q Q Q Qq q q q= + + +

(15b) ( ) ( )2 2 4 4
12 11 22 66 124 sen cos sen cosQ Q Q Q Qq q q q= + - + +

(15c) ( )2 2 2 4
22 11 12 66 22sen 2 2 sen cos cosQ Q Q Q Qq q q q= + + +

(15d) ( ) ( )3 3
16 11 12 66 12 22 662 sen cos 2 sen cosQ Q Q Q Q Q Qq q q q= - - + - +

(15e) ( ) ( )3 3
26 11 12 66 12 22 662 sen cos 2 sen cos )Q Q Q Q Q Q Qq q q q= - - + - +

(15f) ( ) ( )2 2 4 4
66 11 22 12 66 662 2 sen cos sen cosQ Q Q Q Q Qq q q q= + - - + +

com  representando o ângulo de orientação das fibras de reforço 
na camada k, e 

(16a)

(16b)

(16c)

Figura 2 – Camadas de um laminado
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(16d) ( )  
66 12 1 Q G D= -

onde:
1  E é o módulo de elasticidade longitudinal da camada na direção x ;
2E  é o módulo de elasticidade longitudinal da camada na direção y ;
12 21  eυ υ são os coeficientes de Poisson da camada, associados as 

direções x  e y ;
12G  é o módulo de elasticidade transversal da camada, associado 

às direções x  e y ;
D  representa o dano no material constituinte da camada estuda-
da (ou, em outras palavras a relação entre a perda de rigidez do 
material e sua rigidez inicial).
Na presente formulação são definidos os seguintes esforços so-
licitantes por unidade de comprimento, avaliados na espessura h 
da placa laminada (Figura 2):

(17a)

(17b)

onde  ,   xx yy xyN N e N  são os esforços de membrana, xxM  e yyM  
os esforços flexionais e xyM  o esforço torsional, todos por unida-
de de comprimento. 
A matriz contendo os coeficientes ijA  é denominada matriz de ri-
gidez extensional, a que contém os elementos  ijD  é a matriz de 
rigidez flexional e a composta pelos elementos ijB  é a matriz de 
rigidez de acoplamento flexo-extensional. Esses coeficientes são 
definidos em termos da matriz de rigidez de cada lâmina, confor-
me a seguir:

(18a)
 ( )( )1

1

                    
n

k

ij ij k k
k

A Q z z dz+
=

= -å

(18b)

(18c)
 ( ) ( )( )3 3

1
1

1
  

3

n
k

ij ij k k
k

D Q z z dz+
=

= -å

Como se vê os esforços internos (17) são definidos para todos os 

pontos do plano médio da placa, dependendo tanto dos desloca-
mentos do plano médio, quanto das propriedades mecânicas dos 
materiais da placa. Portanto, ao incorporar o modelo de dano para 
o concreto e o regime elastoplástico perfeito para o aço as proprie-
dades mecânicas são afetadas à medida que a não linearidade 
física é atingida, modificando também as inúmeras rigidezes ijA , 

ijB  e ijD  da estrutura.
O trabalho virtual realizado pelas forças internas é assim expresso:

(19)

 

0

 2
0 0 0 0 0

2int xx yy xy xx

r

u v u v w
W N N N M

x y y x x
d d d d d d

ì é ù æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ï æ ö æ ö= + + + - -í ê úç ÷ ç ÷ç ÷ ç ÷ ç ÷è ø è ø¶ ¶ ¶ ¶ ¶è ø è ø è øï ë ûî
ò

 
2 2

0 0
2

2yy xy

w w
M M dxdy

y x y
d d

üæ ö æ ö¶ ¶ ï- - ýç ÷ ç ÷¶ ¶ ¶è ø è ø ïþ

onde 0r  representa a área da superfície média da placa. 
Considerando-se a Figura 3, associada a hipótese 7, onde as 
cargas atuantes no domínio e no contorno da placa são mos-
tradas com seus sentidos positivos, pode-se escrever para 
o trabalho virtual realizado pelas forças externas a seguinte  
expressão:

(20)

onde:
( ),zq x y  é a força transversal à superfície média da placa, por 

unidade de área, aplicada no domínio;

xxF , 
xyF  e 

xzF  são as forças por unidade de comprimento ao lon-
go dos bordos 0x =  e x a= , segundo as direções x , y  e z , 
respectivamente;

Figura 3 – Carregamento da placa
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xxM  é o Momento de flexão por unidade de comprimento, aplica-
do ao longo dos bordos 0x =  e x a= ;

yxF , 
yyF  e 

yzF  são as forças por unidade de comprimento ao lon-
go dos bordos 0y =  e y b= , segundo as direções x , y  e z , 
respectivamente;
 yyM  - Momento de flexão por unidade de comprimento, aplicado 
ao longo dos bordos 0y =  e y b= .
Embora o momento de torsão tenha sido considerado no âmbito 
dos esforços internos, não foi associado um carregamento corres-
pondente, no cômputo do trabalho externo, por não ser usualmen-
te aplicado em lajes.

3.	 Formulação computacional

Após expressar o trabalho realizado pelas forças internas em 
função dos deslocamentos, mediante a substituição das expres-
sões dos esforços internos (17a) e (17b) em (19), o tratamento 
numérico segundo o MDFE pode ser aplicado. Este consiste em 
introduzir nas expressões das parcelas que compõem o princípio 

dos trabalhos virtuais (PTV), intWδ  e extWδ , as representações em 
diferenças finitas utilizadas para as derivadas dos deslocamentos 
supondo, para fins de avaliação desses trabalhos virtuais, a barra 
subdividida em trechos de integração, ao longo dos quais todas as 
grandezas envolvidas são supostas constantes. Uma vez compu-
tados intWδ  e extWδ , mediante o somatório das contribuições dos 
diversos trechos de integração, e considerando-se as condições 
cinemáticas de vinculação da placa, e as demais variações dos 
deslocamentos arbitrárias e independentes entre si, surge, pela 
aplicação do PTV, um sistema de equações algébricas de equi-
líbrio que, uma vez resolvido, permite obter a solução em termos 
dos deslocamentos nodais 0u , 0v  e 0w  incógnitos.
Na formulação numérica do problema aqui estudado são utili-
zados dois tipos de representações para as derivadas dos des-
locamentos: a representação centrada e a representação redu-
zida. Para tanto, considere o esquema da Figura 4, onde ( )f x   

Figura 4 –  Função f (x) utilizada nas 
representações em diferenças finitas para 

as derivadas dos deslocamentos

Figura 5 – Discretização da placa: 
trechos de integração, nós reais 

e nós virtuais

Tabela 1 – Propriedades dos materiais utilizados na modelagem

Laje simplesmente apoiada

E(GPa) vc fc (MPa) Ac Bc ft (MPa) εd0
At Bt fy (MPa)

Concreto
Aço

32,42 0,18 35,04 1,00 1600 3,60 1,11 x 10-4 0,80 10000 –

206,91 – – – – – – – – 375,90

Laje apoiada nos cantos

E(GPa) vc fc (MPa) Ac Bc ft (MPa) εd0
At Bt fy (MPa)

Concreto
Aço

28,61 0,15 37,92 1,00 1650 3,80 1,33 x 10-4 0,80 10000 –

201,30 – – – – – – – – 345,40
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representa as funções 0u , 0v  e 0w  e m  é o ponto no qual são 
avaliadas as derivadas (ponto pivotal). Sendo λ  o espaçamento 
nodal, as derivadas centradas de primeira e segunda ordem de 
 

( )f x , avaliadas no ponto m , são:  ( )1 1
1'

2m m mf f f
λ + −= −   

e ( )"
1 12

1 2m m m mf f f f
λ + −= − + . 

Em trechos localizados junto aos bordos da placa, o uso da repre-
sentação centrada para as derivadas primeiras dos deslocamen-
tos 0u  e 0v  podem causar singularidade na matriz dos coeficien-
tes, impossibilitando a resolução do problema. Por esse motivo, 
para essas derivadas na região dos bordos da placa será adotada 
a representação reduzida, conforme sugerido por Graça [14]. Esta  
 
representação pode ser definida por: ( )1

1'm m mf f f
λ += − .

Para a discretização do domínio a bL L×  da placa, o MDFE prevê 
a geração de trechos de integração obtidos a partir de subdivi-
sões nas direções x  e y , quais sejam xn  e yn  respectivamente. 
Desse modo um trecho de integração genérico apresenta a forma 
retangular de dimensões   /x a xL nλ =  e   /y b yL nλ = , com um total de 
( ) ( )3 3x yn n+ × +  nós e ( ) ( )1 1x yn n+ × +  trechos de integração dis-
tribuídos em nove tipos diferentes de trechos, conforme mostrado 
na Figura 5. Os trechos 1, 3, 7 e 9 localizam-se nos cantos da  
 
placa e apresentam área  

4
x yλ λ×

, enquanto os trechos 2, 4, 6 e  
 
8, de área 

2
x yλ λ×

, situam-se ao longo dos bordos da placa. Os  
 
demais trechos de integração da placa pertencem ao trecho tipo 5, 
de área x yλ λ× , como ilustrado na Figura 5.

Figura 6 – Diagramas tensão-deformação obtidos a partir do modelo 
de dano de Mazars para os concretos empregados nas lajes estudadas

Figura 7 – Características geométricas da laje e do respectivo reforço
FONTE: Adaptado de Jiang e Mirza [16]
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Cabe observar que cada trecho de integração é composto por 
nove pontos nodais (Figura 5) e para cada um desses pontos 
são associados três graus de liberdade 0u , 0v  e 0w , o que 
incorpora, para cada trecho, um total de 27 deslocamentos. 
Notar que as derivadas de segunda ordem dos deslocamentos 
dos nós associados aos bordos da placa necessitam de nós 
externos à mesma, denominados de nós virtuais. Cabe desta-
car ainda que os nós da estrutura podem compor mais de um 
trecho de integração. 
Maiores explicações sobre a seqüência do desenvolvimento do 
tratamento numérico, segundo o MDFE, podem ser encontradas 
em [13-15].

Figura 8 – Efeito do tipo de redução do módulo 
de elasticidade transversal do concreto 

no comportamento da laje

4.	 Validação do modelo

A validação do modelo numérico apresentado foi realizada através 
da determinação da curva carga-deslocamento de duas lajes de 
concreto armado ensaiadas experimentalmente por Taylor, Mather 
e Hayes [27] e McNeice [28]. Ambos os problemas apresentam 
dupla simetria, o que permitiu a modelagem de um quarto da pla-
ca, possibilitando uma melhor discretização do elemento estrutu-
ral com menor esforço computacional. A simulação será baseada 
no diagrama carga-flecha, e na previsão do colapso da estrutura.
A Tabela 1 apresenta os dados experimentais dos concretos ( cE , 

cf , tf  e cυ ) e dos aços ( sE  e  fy ) utilizados nas duas lajes estuda-
das. Para o concreto da laje apoiada nos cantos [28] foi admitido 
que  0.1t cf f= . A partir dos valores apresentados para o concreto 
de ambas as lajes, foram obtidos diagramas tensão-deformação 
teóricos (Figura 6), utilizando as equações de dano, equações (10) 
e (11), com a escolha de valores adequados para os parâmetros 

tA , tB ,  e cB . Para tanto, inicialmente determina-se o parâ-
metro de deformação doε  a partir da tensão máxima de tração do 
concreto ( tf ), pela aplicação direta da forma uniaxial da Lei de 
Hooke, assumindo a igualdade entre o módulo de elasticidade à 
tração e o módulo de elasticidade à compressão, indicado na Ta-
bela 1. Em seguida, passa-se a geração das curvas teóricas ten-
são-deformação buscando-se ajustá-las às curvas experimentais 
correspondentes (tração uniaxial e compressão uniaxial), pela ma-
nipulação das constantes tA , tB ,  e cB . No caso da tração, 
as constantes tA  e tB  são determinadas de modo a gerar um 
diagrama tensão-deformação associado ao comportamento frágil 
do concreto, sendo tf  a tensão máxima observada (onde ocor-
re doε ). Cabe mencionar nesse ponto que os valores adotados  
para tA  foram similares aos encontrados por Lemaitre e Mazars 
[34] e Challamel [35], na modelagem de vigas de concreto arma-
do. No tocante à compressão, os parâmetros cA  e cB  são de-
terminados de forma a se obter a tensão máxima de compressão 
do material ( cf ) associada a uma deformação (de pico) entre 2‰ 
e 3‰. Ressalta-se que o procedimento acima, para determinação 
dos parâmetros do Modelo de Mazars, foi similar ao adotado por 

Figura 9 – Influência da quantidade 
de camadas na modelagem 

da laje simplesmente apoiada
Figura 10 – Carga x deslocamento 

transversal do ponto central da placa
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diversos autores [18, 19, 23, 25, 34, 36] que utilizaram esse mode-
lo de dano para modelagem numérica de concreto.
Cabe registrar que para os dois concretos assim modelados 
não foram apresentadas as curvas experimentais corresponden-
tes na Figura 6, por não terem sido determinadas pelos auto-
res dos respectivos experimentos. Todavia, isto não se mostrou 
uma dificuldade já que foi levado em consideração apenas o 
conhecimento já estabelecido para a forma do diagrama tensão-
-deformação dos concretos convencionais, conforme descrito na 
metodologia acima. Este aspecto pode ser destacado como uma 
vantagem de se empregar o modelo de dano aqui utilizado na 
modelagem de lajes.
O reforço (armaduras de aço) foi modelado como uma camada 
uniaxial (com módulo de elasticidade longitudinal apenas na dire-
ção do reforço), sendo o centro da camada coincidente com o cen-
tro geométrico da armadura, e a espessura da camada definida de 
forma que a área da seção transversal da camada resulte igual 
à área do reforço. A partir da tensão de escoamento do reforço  
( yf ) é estabelecido o patamar de escoamento do diagrama ten-

Figura 11 – Características geométricas da laje estudada. FONTE: Adaptado de Krätzig e Pöling [37]

Figura 12 – Influência da quantidade 
de camadas na modelagem 
da laje apoiada nos cantos

Figura 13 – Comparação do modelo 
proposto com Método dos Elementos Finitos

são-deformação elasto-plástico correspondente, sendo a defor-
mação última assumida igual a 10‰ (tração e compressão).

4.1	 Laje simplesmente apoiada  
	 com carregamento uniforme

Inicialmente foi simulado numericamente o comportamento de 
uma laje simplesmente apoiada sob carga distribuída uniforme, 
conforme mostrado na Figura 7, ensaiada experimentalmente 
por Taylor, Mather e Hayes [27] e analisada teoricamente por 
Jiang e Mirza [16]. Além das características geométricas da laje 
a figura mostra que a laje possui armaduras com diâmetro de 
4,76 mm nas duas direções, mas com espaçamentos distintos. 
As propriedades dos materiais utilizados na laje estão listadas na 
Tabela 1, bem como os parâmetros de dano encontrados para o 
respectivo concreto.
Depois de uma série de testes foi definida para a modelagem da 
placa uma discretização em 8 8×  subdivisões (ou seja 9 9×  tre-
chos de integração). Para este exemplo além do confronto com o 
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resultado experimental também foi realizado um estudo da influên-
cia das diferentes formas de avaliação da redução do módulo de 
elasticidade transversal do concreto durante o processo de fissu-
ração. Foram então testadas três situações:
1) 	A consideração da redução do módulo de elasticidade transver-

sal em função do dano do concreto, ou seja: 

( )
1

12

1

2 1
cE D

G
u

-
=

+
 , com  1 cE E= , cu u=  e  c t ct c ccD D Da a= + ; 

2)	 A consideração de que o módulo de elasticidade transversal 
mantém-se constante, mesmo após o início do processo de fis-
suração, e proporcional ao módulo de elasticidade longitudinal 
inicial: 

( )
1

12
2 1

E
G

u
=

+
 , onde  1 cE E=  e ;cu u=  

3)	 A consideração da redução do módulo de elasticidade transver-
sal em função do dano por tração, ou seja, 

( )
1

12

1

2 1
t ctE D

G
a
u

-
=

+
 , sendo 1 cE E=  e cu u= . 

Os resultados numéricos para o diagrama carga-deslocamento 
no centro da laje são apresentados na Figura 8, em comparação 
com o resultado experimental, devendo ser observado que a car-
ga registrada no gráfico é a carga resultante sobre a placa (força 
concentrada). 
Observa-se que o módulo de elasticidade transversal do concre-
to exerce uma influência bastante significativa. Percebe-se que a 
situação 02 proporciona uma resposta demasiadamente rígida na 
modelagem, tornando-a uma opção inviável para o modelo. Por 
outro lado, a situação 01 representa bem o início da fissuração, 
porém fornece respostas pouco rígidas após esse ponto, e com a 
previsão de uma carga de ruptura menor que a verificada experi-
mentalmente. A situação 03 consegue representar de forma satis-
fatória o início da fissuração, mantendo proximidade com a curva 
experimental e boa precisão na previsão da carga de ruptura.
Cabe ressaltar que, apesar da utilização de uma abordagem iso-
trópica para prever a variação do módulo de elasticidade trans-
versal do concreto (portanto mais simplificada que a adotada por 
outros autores a exemplo de Pituba [36], que utiliza um dano ani-
sotrópico), verifica-se uma boa aproximação dos resultados nu-
méricos com os resultados experimentais.
Partindo para a avaliação do resultado obtido para a situação 03, 
nota-se uma perda de rigidez no início da danificação, seguida 
de uma recuperação com posterior estabilização em relação ao 
resultado experimental. A simulação prosseguiu até o programa 
abortar, o que caracteriza a ausência de uma nova configuração 
de equilíbrio, ou seja colapso estrutural. Uma investigação mais 
detalhada da ruptura revelou que, de acordo com os resultados 
apresentados pelo programa, o escoamento da armadura teve 
início há uma carga (resultante) de 83,72 kN, e o colapso da es-
trutura ocorreu pela ruptura da armadura (deformação superior a 
10‰), com uma deformação do concreto da camada mais com-
primida com valor de aproximadamente 0,002, o que caracteriza 
uma ruptura do tipo pouco armada para a laje. Portanto, pode-se 
concluir que os resultados obtidos para o presente caso foram sa-
tisfatórios, tanto do ponto de vista carga-deslocamento quanto da 
previsão do colapso.
A análise da influência do número de camadas na modelagem da 
laje também foi estudada e está apresentada na Figura 9: a espes-
sura da laje foi simulada com 10, 15, 22 e 36 camadas. Pode ser 

observado que a partir de 15 camadas não ocorreram alterações 
significativas nos resultados, sendo essa, portanto, a quantidade 
de camadas adotada para a modelagem deste tipo de laje. 
Por fim, é apresentado na Figura 10, um comparativo do modelo 
proposto com os resultados apresentados por Jiang e Mirza [16], 
utilizando modelagem em Elementos Finitos com 4 (2 x 2) e 36 (6 x 
6) elementos finitos. No modelo de [16] foi desenvolvido um mode-
lo combinando o MEF, através de um elemento finito quadrilátero, 
com 20 graus de liberdade por elemento, a Teoria Clássica de Fle-
xão de Placas e um modelo de plasticidade para o comportamento 
mecânico do concreto. O comparativo entre os resultados nova-
mente evidencia a eficiência do modelo baseado no MDFE, tendo 
em vista que o modelo baseado no MEF e o baseado em MDFE 
apresentam convergência para um número próximo de graus de 
liberdade (245 e 243 graus de liberdade respectivamente).

4.2	 Laje apoiada nos cantos com carga aplicada 
	 no centro

Neste exemplo foi simulado o comportamento carga-deslocamen-
to no centro de uma laje ensaiada experimentalmente por McNei-
ce [28], com as características mostradas na Figura 11 e na Tabela 
1, onde estão também listados os parâmetros de dano utilizados 
na simulação. Para reger a variação do módulo de elasticidade 
transversal do concreto, foi aplicada a situação 3 apresentada no 
item anterior. 
Mediante um estudo de convergência da solução, foi adotada uma 
discretização da laje em 14 x 14 subdivisões (15 x 15 trechos de 
integração). E quanto à discretização da espessura da laje esta 
foi modelada como um laminado de 10, 15, 22 e 36 camadas. Os 
resultados para o comparativo estão apresentados na Figura 12, 
onde se pode observar que, da mesma forma que no exemplo 
anterior, a partir de 15 camadas não houve alteração significativa 
nos resultados. 
Na Figura 13 é apresentado o resultado numérico do modelo pro-
posto em comparação com o resultado experimental e com resul-
tados obtidos por Kratz e Polling [37]. Observa-se novamente uma 
perda de rigidez após a danificação, com posterior recuperação e 
ruptura coincidente com o observado experimentalmente. A este 
respeito, informa-se que na última condição de equilíbrio o aço 
encontrava-se em estágio de escoamento, com deformação da 
ordem de 0,0063, e o concreto comprimido com deformação má-
xima de 0,0057. Portanto, o colapso da estrutura aconteceu pelo 
esmagamento do concreto e escoamento do reforço, caracterizan-
do uma ruptura de laje super armada.
Avaliando a trajetória de equilíbrio dos modelos numéricos já imple-
mentados para modelagem da laje de Mcneice [28], verifica-se na 
Figura 13 que o modelo proposto apresenta um comportamento mais 
aproximado do que outros modelos numéricos já testados. Crisfield 
[38] que desenvolveu o seu modelo a partir do MEF, utilizando ele-
mentos finitos retangulares, o critério de ruptura de Vom Misses para 
modelar o concreto a compressão, e um modelo de amolecimento li-
near para seu comportamento à tração. Na Figura 14 também é apre-
sentado o resultado encontrado por Doulah e Kabir [39] que combi-
naram a Teoria de Flexão de Placas de Mindlin, com um modelo de 
comportamento à tração para o concreto similar ao apresentado por 
Crisfield [38] e comportamento bi-linear à compressão, utilizando ele-
mentos finitos quadriláteros com oito nós por elemento e 4 graus de 
liberdade por nó. Zhang et al [17] também utilizaram o MEF em sua 
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modelagem, com elementos quadriláteros com 24 graus de liberdade 
por elemento, associados a Teoria de Flexão de Placas de Mindlin e 
Reissner. Para o concreto à compressão esses autores utilizaram o 
modelo de comportamento elástico perfeito, e para o concreto sob 
tração foi aplicado um modelo que leva em consideração o apare-
cimento de fissuras perpendiculares as direções principais após se 
atingir a tensão máxima de resistência à tração.

5.	 Conclusões

No presente artigo, visando prever de forma satisfatória a trajetória 
de equilíbrio de lajes sob flexão até a sua ruptura, foi apresentado 
um modelo de flexão de placas de concreto armado combinando 
a Teoria Clássica de Laminados, o modelo de dano isotrópico de 
Mazars, para modelar o concreto, e o comportamento elastoplás-
tico perfeito, para descrever o aço das armaduras. Para validação 
do modelo foram utilizandos os resultados experimentais de duas 
lajes de concreto armado sob flexão.
Os resultados obtidos apontaram que a redução do módulo de 
elasticidade transversal está associada ao dano ocasionado por 
tração ( CTD ). Um segundo estudo, ligado a convergência da so-
lução, indicou que 15 camadas são suficientes para garantir uma 
boa discretização da seção transversal das lajes. Finalmente, foi 
observado nas simulações numéricas utilizado o Método das Di-
ferenças Finitas Energéticas que houve uma boa aproximação da 
trajetória de equilíbrio numérica com a experimental. Comparando-
-se com resultados numéricos do Método dos Elementos Finitos, 
realizados por outros autores, verifica-se que o MDFE apresentou 
melhor aproximação que os demais. Ressalta-se que os resulta-
dos foram obtidos a partir de uma discretização com poucas sub-
divisões da placa e poucas camadas o que destaca a eficiência 
computacional da associação entre o MDFE e o modelo téorico.
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Abstract  

Resumo

This study presents the development and behavior analysis of high performance fiber reinforced cement composites (HPFRCC). The described 
materials were specifically developed for application as a transition layer: a repair layer that constitutes the stressed chord of reinforced 
concrete beams strengthened in flexure with carbon fiber reinforced polymers (CFRP). Nineteen different composites were produced by the 
hybridization process, varying the conventional short steel fiber and steel microfiber (manufactured exclusively for this research) contents 
to modify the microstructure of the material, thus enhancing the stress transfer process from the cement matrix to the fibers. To analyze the 
response to flexural loading, the composites underwent three point bending tests in notched prism specimens. The response of the material 
was obtained considering strength and tenacity parameters (flexural and fracture). There was evidence of high performance by the composites 
with a pseudo-hardening behavior.  

Keywords: higher performance fiber reinforced cement composite (HPFRCC), reinforced concrete beams, transition layer, steel microfiber. 

Este estudo apresenta o desenvolvimento e a análise do comportamento de compósitos cimentícios de elevado desempenho armado com 
fibras. O material descrito foi especificamente desenvolvido para aplicação como um substrato de transição: uma camada de transição que for-
ma o banzo tracionado de vigas de concreto armado reforçadas à flexão com polímeros reforçados com fibras de carbono (PRFC). Dezenove 
diferentes compósitos foram produzidos pelo processo de hibridização, variando o volume de fibras curtas convencionais de aço e microfibras 
de aço (produzidas especificamente para este estudo) para modificar a microestrutura do material numa tentativa de melhorar o processo de 
transferência das tensões da matriz para as fibras. Para analisar a resposta do material à flexão, os compósitos foram submetidos a ensaios 
de flexão em três pontos em corpos de prova prismáticos com entalhe central. A resposta do material foi obtida considerando-se parâmetros de 
resistência e de tenacidade (flexional e ao fraturamento). Ficou evidenciado o elevado desempenho dos compósitos com um comportamento de 
pseudo-encruamento.

Palavras-chave: compósitos cimentícios de elevado desempenho armados com fibras; vigas de concreto armado; substrato de transição,  
microfibras de aço
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1.	 Introduction

It is well known that concrete is a relatively brittle material. Ran-
domly distributed short fibers may improve toughness of cementi-
tious matrices by preventing or controlling the initiation, propaga-
tion or coalescence of cracks (Bentur and Mindess [1]). In this way, 
concrete properties may be improved in a certain level (but not in 
all levels) if one type of fiber is chosen as reinforcement (Yao et al. 
[2]). If two types of fibers are used the influence in concrete proper-
ties will be even higher.
It has been shown by using the concept of hybridization with two 
different types of fibers incorporated in a common cement matrix, 
that the hybrid composite can offer more attractive properties. It 
occurs because the presence of one type of fiber enables a more 
efficient utilization of the potential properties of the other type of 
fiber (Mobasher and Li [3]).
According to Ferreira et al. [4], the modifications resulting from the 
addition of steel fibers to concrete, at relatively low rates (a maxi-
mum of 2%), are restricted only to the post-peak stage of the load-

ing history. Under such conditions (at low rates), the steel fibers are 
not sufficient to inhibit the matrix cracking process which precedes 
the maximum load (subcritical growth of cracks).
In order to improve the cement-based composite behavior during 
the pre-peak stage, the effect of incorporating steel microfibers 
with the conventional steel fibers was studied. In this way, a modifi-
cation of the microstructure of the composite occurs, improving the 
process of stress transference from the matrix to the fibers. 
These materials were specifically developed for an application as a 
transition layer (Figure [1]) and nineteen different composites were 
prepared in two stages (Stage I and Stage II). In the Stage I, the 
composites were developed for application as a transition layer 
of reinforced concrete beams strengthened by bonding CFRP 
sheets. In the Stage II, the composites were developed for applica-
tion in transition layers of strengthened beams by the insertion of 
CFRP laminates in notches executed in this layer (near-surface 
mounted technique).
In engineering practice (Figure [1]), the tensile bottom chord of re-
inforced concrete beams  to be strengthened are frequently found 

Figure 1 – Aspect of a tensile bottom chord of beam damaged 
by concreting deficiency and by reinforcement corrosion

A B

Figure 2 – Transition layer of a reinforced concrete beam strengthened with CFRP 

A B

Externally bonded reinforcement with sheet of CFRP bond the 
transition layer (Ferrari [5])

Near-surface mounted with laminate of CFRP inserting in 
notches in the transition layer (Arquez [7])  

 transition layer conected to the
concrete and reinforcements

transition layer control the
beam cracking

strengthening with sheet of
CFRP bond the transition layer

transition layer conected to the
concrete and reinforcements

transition layer control the
beam cracking

laminate of CFRP inserting in
notches in the  transition layer
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to be damaged by mechanical actions, corrosion effects or crack-
ing. In such cases, the strengthening process must be preceded by 
the recovery of the bottom chords.   
For this purpose, Ferrari [5] proposed the development of a 
high performance Portland cement-based composite with steel 
fibers and microfibers, destined to construct a transition layer 
as indicated in Figure [2a]. The mains idea was to remove part 
of the tensile bottom chord of the beams and reconstitute them 
using cement composite. The concept of transition layer is 
to create news bottom chords composed of a cement-based 
material with more appropriate characteristics for bonding the 
polymer reinforcement. 
Thus, in this study, new results were added to the results already 
presented in Ferrari [5]. These new results were obtained through 
the development and analysis of new composites using the near-
surface mounted technique, i.e., by inserting carbon fiber lami-
nates in notches prepared in the transition zone (Figure 2b).

2.	 High performance fiber reinforced 
	 cement composites (HPFRCC) 

2.1	 Test setup

In order to evaluate the tensile strength of the developed cement-
based composites, three point bending tests of prismatic speci-
mens (150 mm x 150 mm x 500 mm) with central notch as rec-
ommended by Rilem [6] has been carried out. The tests were 
conducted in the Laboratory of Structures of the School of Engi-
neering of São Carlos. Figure [3] shows the general configuration 
of the test, conducted by controlling the crack mouth opening dis-
placement (CMOD), using a clip gauge. A servo hydraulic Instron 
apparatus was employed with a load cell of 100 kN capacity. 

2.2	 Composites analyzed

In the Stage I, thirteen composites were analyzed as shown in Ta-
ble [1]. The composites were constituted by different volumes and 

types of steel fiber and also different types of cement matrix (mor-
tar and microconcrete). The obtained composites were divided into 
groups formed by three prisms molded with the same character-
istics. In the Stage II, an additional group of six composites (all of 
them made of microconcrete) was analyzed.
The steel fiber specified by “A” has the commercial name FS8-
Wirand (provided by the company Maccaferri – América La-
tina); it is 25 mm long (with hooks at its extremities) and has 
a diameter of 0,75 mm diameter, which results in a shape fac-
tor equal to 33. Fiber “C” was designed by Ferrari (2012) and 
produced by the same company specifically for this research, 
once this fiber is not available commercially. It is 13 mm long 
(with hooks at its extremities) and has a diameter of 0.75 mm, 
which results in a shape factor equal to 17. Because of these 
special characteristics, these fibers are called as steel micro-
fibers (Fig. 4).  
In the Stage II, composites containing 1,5% type A fiber were 
analyzed. A repetition using the composites CMP1A1C and CP-
M1A2C (produced at the Stage I) was performed, but the compos-
ite CPM1A1.5C was also included. The selection of a fiber rate of 
1,5% was motivated by the fact that in the Stage I this fiber rate 
was kept in 1%.

Figure 3 – Dimensions of the specimens and general test configuration

 

P P

clip gauge

transductor

notch

W = 150mm

B=150mm

S = 450mm

S = 3
W

a0 a0 = 0.25
W

Figure 4 – Steel microfibers (left) 
and common steel fibers (right)
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2.3	 Composites composition and preparation

The composition of the constituting materials (Table [2]) was de-
signed to fulfill certain practical criteria, such as:
n	 the use of Portland cement of high initial strength in order to 

obtain high strength at the first ages;
n	 compressive strength of 50 MPa;
n	 addition of superplasticizer additive to contribute to the work-

ability of the cement paste;
n	 observations of the dimensional compatibility of the maximum 

aggregate size, which should not be greater than 1/3 of the fiber 
length. 

The composites were produced using an electric mortar mixer with 
a capacity of 50 liters and an electric concrete mixer with a capac-
ity of 300 liters. Six cylindrical specimens (100 mm x 200 mm) were 
molded for each composite to determine the compressive strength, 
the tensile strength by diametral compression and the elasticity 

modulus. These specimens were kept at the same curing condi-
tions of the prism specimens (humid chamber). Fig. 5 shows the 
details of the material mixtures.
In the present research, the development of composites with ce-
ment matrix constituted by mortar and microconcrete was conduct-
ed. Taking into account the fluidity of this materials when compared 
to concrete, they may be applied with great facility in reduced re-
gions as the substrate of beams to be strengthened (tensile bottom 
chords of beams to strengthened).
It is important to note that the composites for Stages I and II were 
not molded at the same time. Hence, for the preparation of the 
composites from Stage II, the trace of the cement-based matrix 
from Stage I was used as initial reference, with small adjustments 
made according to the dosage methodology and considering the 
characteristics of the aggregates involved in the mixture. From 
Table [2], the cement consumption is observed, and the w/c ratio of 
the composites produced in each of the two stages are practically 
the same.

Table 1 – Composites analyzed

Matrix Stage Group Composites Fiber volume Fiber type Material Age (days)

Mortar (A) I

1 CPA 0% – mortar 29 

2 CPA1A 1% A mortar 29 

3 CPA1.5A 1.5% A mortar 29 

4 CPA2A 2% A mortar 29 

5 CPA1.5A0.5C 1.5%+0,5% A+C mortar 28 

6 CPA1.5A1.5C 1.5%+1.5% A+C mortar 28 

7 CPA1.5A2.5C 1,5%+2.5% A+C mortar 28 

8 CPA1.5A3.5C 1.5%+3.5% A+C mortar 28 

Matrix Stage Group Composites Fiber volume Fiber type Material Age (days)

Microconcrete 
(M)

I

9 CPM 0% – microconcrete 28 

10 CPM1A 1% A microconcrete 28 

11 CPM1A1C 1%+1% A+C microconcrete 28 

12 CPM1A2C 1%+2% A+C microconcrete 28 

13 CPM1A2.5C 1%+2.5% A+C microconcrete 28 

Matrix Stage Group Composites Fiber volume Fiber type Material Age (days)

Microconcrete 
(M)

II

1 CPM1A1C 1%+1% A+C microconcrete 50

2 CPM1A1.5C 1%+1.5% A+C microconcrete 50

3 CPM1A2C 1%+2% A+C microconcrete 50

4 CPM1.5A1C 1,5%+1% A+C microconcrete 50

5 CPM1.5A1.5C 1.5%+1.5% A+C microconcrete 50

6 CPM1.5A2C 1.5%+2% A+C microconcrete 50

Nomenclature of composites
fibers volume

YX
specimen

CP 
fibers

Y

mortar (A) or 
microconcrete (M) 
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3.	 Results and discussions

3.1	 Compression tests of the cylindrical specimens

The values for the mechanical properties of the composites, 
namely the average compressive strength (fcm), the average ten-
sile strength by diametral compression (fctm,sp),  and the elasticity 
modulus (Ecs), are presented in Table [3] and were obtained on the 
same date of the flexural tests.  
In general, the addition of steel fibers decreases the compressive 
strength of the composites for both the mortar and the microcon-
crete. In addition, increasing the fiber volume influenced signifi-
cantly the reduction in the compressive strength. Regarding the 
indirect tensile strength values, a strong dispersion of the results 
was observed. However, for the mortar composites, an increas-
ing in the tensile strength may be observed when increasing the 
volumes of type A fiber (composites 2 to 4) and microfiber (com-
posites 5 to 8).
For the microconcrete composites produced at the Stage I, the 
tensile strength decreased with the increasing of the fiber volume. 
The exception was for the composite CPM1A2C, which presented 
a high value for this strength. Additionally, for the composites pro-
duced in Stage II, the highest strength value is obtained for this 
same composite, i.e, the composite CPM1A2C . 

 3.2	 Loads and strengths

The flexural tenacity of the composites was determined following 
Rilem recommendations [6]. The criteria for tenacity evaluation is 
based on the energy absorption capacity, understood as the area 
under the force (F) versus displacement (d) curve. The contribution 
of these fibers to the composite tenacity is evaluated subtracting 
the portion of tenacity attributable to the response of the cement-
based matrix.
Figure [6] illustrates a typical response of the behavior of the fi-
ber composites under flexure, along with the expressions used 
for the calculation of the equivalent flexural tensile strength 
(feq,2 and feq,3), and the residual strengths in flexure (fR1 and fR4).  
The meaning of the parameters presented in this figure are as 
follows:
FL: maximum offset force in the interval of δ = 0.05 mm. Calculated 
using a straight line parallel to the initial tangent, passing by the 
point that characterizes the displacement δ; 
δL: value of vertical displacement corresponding to FL;
ffct,L: stress corresponding to FL, given by:

(1)
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..2
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Lfct,f

.
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LFL=

L: specimen clearance;
b: specimen width;
hsp: distance from the top of the notch top to the top face of the 
specimen;
Db

BZ, Df
BZ,2, and Df

BZ,3: energy absorption capacity of the matrix and 
the fibers, respectively. Calculated by the area under the F-δ curve 
until specific displacements, as shown in Figure 6;
FR,1 and FR,4: forces corresponding to the displacements δR1 = 0.46 
mm and δR4 = 3.0 mm. These values are used to calculate the re-
sidual flexural tensile strengths.
The tenacity parcels Df

BZ,2 and Df
BZ,3 are transformed into equiva-

lent flexural tensile strength for the two different displacement lev-
els d2 and d3, respectively, as indicated by Figure 6. The material 
load capacity relative to the pre-defined maximum displacement 
value is evaluated using the concept of residual flexural strength 
(FR,1 and FR,4). 
Table [4] presents the strength and load values calculated based 
on Rilem recommendations [6]. The value of the maximum load of 
composite is also presented (FM).

Table 2 – Composition of composite materials

Material
Mix proportion – Stage I Mix proportion – Stage II

Mortar Microconcrete Microconcrete

CP-V ARI PLUS Cement 1.0 1.0 1.00

Sand 3.0 2.13 2.30

Gravel 0 – 1.83 1.70

a/c 0.5 0.48 0.48

Cement consumption (kg/m3) 512 446 443

Steel fiber content variable Variable variable

Glenium 51 0.4%* 0.5%* 0.5%*

* The superplasticizer additive was dosed relative to the weight of the cement:

Cement density: 3.15 kg/dm3; Sand density: 2.65 kg/dm3; Gravel density: 2.87 kg/dm3; Additive density: 1.09 kg/dm3.

Figure 5 – Detail of the appearance 
of the material mixture 
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The value of the parameter ffct,L represents the portion of the 
composite strength due to the cement-based matrix. The ad-
dition of steel fibers visibly contributed to the increasing of this 

strength (Figure [7]). It can also be stated that the addition of 
microfibers to the steel fibers improved even more the com-
posite strength for the mortar composites. Once the values of  

Table 3 – Average results of composite characterization under compression

Matrix Stage Groups Composites fcm (MPa) fctm, sp (MPa) Ecs (GPa) 

Mortar (A) I

1 CPA 52.5 3.1 23.8

2 CPA1A 43.8 3.7 22.7

3 CPA1.5A 42.2 3.7 23.1

4 CPA2A 45.7 4.9 24.0

5 CPA1.5A0.5C 49.2 4.4 28.2

6 CPA1.5A1.5C 47.2 4.9 32.3

7 CPA1.5A2.5C 43.6 4.8 31.0

8 CPA1.5A3.5C 42.8 4.9 29.1

Matrix Stage Groups Composites fcm (MPa) fctm, sp (MPa) Ecs (GPa) 

Microconcrete 
(M)

I

9 CPM 62.3 3.8 35.2

10 CPM1A 42.0 3.0 30.6

11 CPM1A1C 40.6 3.7 26.3

12 CPM1A2C 42.8 5.1 30.0

13 CPM1A2.5C 20.8 2.8 19.9

Matrix Stage Groups Composites fcm (MPa) fctm, sp (MPa) Ecs (GPa) 

Microconcrete 
(M)

II

1 CPM1A1C 33.2 2.5 32.3

2 CPM1A1.5C 30.6 2.2 31.0

3 CPM1A2C 33.4 3.2 32.4

4 CPM1.5A1C 28.3 2.6 29.8

5 CPM1.5A1.5C 30.5 2.9 31.0

6 CPM1.5A2C 29.2 2.4 30.2

For each composite, three specimens were subjected to axial compression test and three to the diametral compression tensile test.

Ecs – secant deformation modulus corresponding to the inclination of the secant line in the stress-strain diagram, passing by the points corresponding to the 0.5 MPa stress and 

30% of the compressive strength.

Figure 6 – Rilem criteria for the evaluation of the behavior of fibrous material 
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equivalent flexural strength (feq,2 and feq,3) represent the behavior 
of the composites based on the contribution of the fibers, Figure 
[7] also suggests an increasing in the flexural strength due to 

the increasing of fiber A volume, especially when steel microfi-
bers are added.  
The strength values for the microconcrete composites are com-
pared in Figure [8]. It is important to note the drop in the strength 
ffct,L of the composite CPM1A in comparison to the composite CPM, 
which demonstrates that the isolated presence of steel fiber A did 
not improve the strength of the cement-based matrix. By incorpo-
rating steel microfiber (C) with fiber (A), the contribution of fibers 
to the flexural strength is significantly increased for the composites 
CPM1A1C and CPM1A2C.
Regarding the flexural strength values, the increase of such 
strengths by the addition of steel microfiber to fiber A is nota-
ble. In the majority of composites, the equivalent strength feq,2 
surpasses the value of the strength ffct,L. This result indicates 
significant strength gains even after the cracking. Particular at-
tention is drawn to the behavior of the composites CPM1A2C 
and CPM1.5A1.5C-II, with the latter produced in the Stage II. 
It should be mentioned that composite CPM1.5A1.5C-II was 
produced intending to complement the amount of fibers investi-
gated in the Stage I.
Regarding the values of equivalent flexural strength (feq,3), 
which represents the graph area until the vertical displacement 
(d3), the higher tenacity of the previously cited composites 
can be highlighted, as well as the high tenacity of composite  
CPM1A1C. 

Table 4 – Load and strength according to RILEM

Matrix Stage Composites
Loads (kN) Loads (kN)

FL FM
 FR,1 FR,4 ffct,L feq,2 feq,3 fR,1 fR,4 

M
o

rta
r 

(M
)

I

CPA 8.0 8.0 1.3 – 2.3 – – 0.4 –

CPA1A 13.4 13.4 12.5 5.2 3.9 3.3 2.6 3.6 1.5

CPA1.5A 13.1 16.1 16.0 6.1 3.7 4.6 3.2 4.5 1.7

CPA2A 14.5 17.6 17.4 7.6 4.6 5.5 4.2 5.5 2.4

CPA1.5A0.5C 16.4 17.8 17.2 9.3 4.6 4.9 4.0 4.8 2.6

CPA1.5A1.5C 16.0 21.0 20.9 9.4 4.8 6.5 4.8 6.3 2.8

CPA1.5A2.5C 22.1 23.7 23.5 12.8 6.1 6.5 5.0 6.5 3.6

CPA1.5A3.5C 20.0 21.4 20.8 6.1 5.5 5.7 3.8 5.7 1.7

Matrix Stage Composites
Loads (kN) Loads (kN)

FL FM
 FR,1 FR,4 ffct,L feq,2 feq,3 fR,1 fR,4 

M
ic

ro
co

nc
re

te
 

(M
)

I

CPM 14.1 14.2 1.3 – 4.0 – – 0.4 –

CPM1A 12.0 12.1 7.5 3.7 3.3 2.0 1.6 2.1 1.0

CPM1A1C 17.6 18.5 16.9 7.5 5.2 5.1 3.7 5.0 2.2

CPM1A2C 19.4 21.9 19.7 8.0 5.5 5.7 4.1 5.7 2.3

CPM1A2.5C 10.0 10.0 6.3 2.3 2.9 1.5 1.1 1.9 0.7

Matrix Stage Composites
Loads (kN) Loads (kN)

FL FM
 FR,1 FR,4 ffct,L feq,2 feq,3 fR,1 fR,4 

M
ic

ro
co

nc
re

te
 

(M
)

II

CPM1A1C 12.2 14.3 11.4 1.0 3.6 3.5 2.4 3.4 0.3

CPM1A1.5C 12.0 15.2 12.1 2.7 3.5 3.8 2.5 3.6 0.8

CPM1A2C 14.4 18.9 15.9 1.8 4.1 4.9 3.0 4.5 0.5

CPM1.5A1C 12.8 18.5 16.0 2.4 3.7 5.0 2.4 4.6 0.7

CPM1.5A1.5C 15.2 19.8 17.5 1.3 4.3 5.3 3.6 5.0 0.4

CPM1.5A2C 11.0 15.6 13.4 3.2 3.2 4.4 2.9 4.0 1.0

Figure 7 – Mortar composites: 
comparison between strength values
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3.3	 P-CMOD curves

The P-CMOD curves of mortar composites are presented in Fig-
ure [9]. The presence of steel fibers and steel microfibers in the 
cement-based mortar matrix increased the energy absorption ca-
pacity and the strength levels before and after the matrix cracking. 
Increasing the type A fiber volume delivered some improvement in 
the composites ductility. With the addition of 0,5% of steel microfi-
bers, however, it was possible to elevate the energy absorption ca-
pacity of the composite CPA1.5A to the same level as CPA2A. This 
elevation is advantageous taking into account that the workabil-
ity of the composite is not modified by the microfiber. By another 

hand, the workability of the composite is significantly influenced by 
the increasing of the type A fiber.
The maximum values of force (FM), obtained for composites 
CPA1.5A0.5C and CPA2A, are practically the same, i.e., 17,78 
kN and 17,59 kN, respectively. The same behavior may be also 
observed for the flexural strength (ffct,L), with values of 4,58 
MPa and 4,56 MPa, respectively. The same statement may 
be established to the residual strength (fR,1 e fR,4) for this two 
mentioned composites.
To visualize the effect of the steel microfibers in the initial Stage of 
the composite performance, Figure [10] shows the same curves 
displayed by Figure [9], but now emphasizing the initial composite 
loading interval (CMOD up to 0.15 mm). In the composites with 
fiber A isolated, the branch after the matrix cracking is well defined 
with constant strength and variable CMOD. However, in the pres-
ence of microfibers, the stress transfer is gradual and occurs with 
increasing strength of the composites. The stress transfer process 
with cracking of the matrix is facilitated by the presence of microfi-
bers. The dispersion of microfibers in the matrix increases the pos-
sibility of interception of cracks, sewing the cracks and increasing 
the composite strength.  
All P-CMOD curves of microconcrete composites are shown in 
Figure [11]. The presence of fibers and microfibers particularly im-
proved the energy absorption capacity of these composites. The 
strength capacity was decreased with the isolated presence of fi-
ber A (composite CPM1A). However, with the incorporation of 1% 
of type A steel fibers and 2% of microfibers, higher strength and 
energy absorption levels were reached. The same phenomenon 
was not verified for the incorporation of 2.5% microfibers. 
The maximum force reached by the composite CPM1A2C was 
37% and 61% above the forces obtained for the composites CPM 
and CPM1A, respectively. By another hand, the equivalent flex-
ural strength (feq,2) of the composite CPM1A2C was 110% and 13% 
above the strength obtained for the composites CPM1A and CP-
M1A1C, respectively.

Figure 8 – Microconcrete composites: 
comparison between the strength results
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Figure [12] visualizes the effect of microfibers on the stress trans-
fer process in the microconcrete matrix. Note that, as the matrix 
cracks, the matrix-fiber stress transfer process occurs with the el-
evation of strength levels in the composites CPM1A1C and CP-
M1A2C due to the presence of microfibers. 
With the matrix cracking, based on the presence of microfibers, it was 
observed that the matrix-fiber stress transfer process occurred with 
increasing strength levels for the composites CPM1A1C, CPM1A2C, 
CPM1A2C-II, CPM1.5A1C-II and CPM1.5A1.5C-II. Furthermore, an 
improvement on the behavior of these materials was observed when 
microfiber volume increases from 1% to 2%, and from 1% to 1,5% for 
the composites produced in Stages I and II, respectively. 

3.4	 Fracture strength curves

Figure [13] presents the fracture strength curves of each cement-
based mortar composites. Figures [14] and [15] present the frac-
ture strength curves of microconcrete composites produced in 
Stages I and II, respectively. In these figures, “KR” indicates the 
fracture strength of the composite, and parameter “a” is the depth 
of the crack (a) standardized by the height (W) of the prism speci-
men, i.e., a = a/W.  
For the prism specimens (see Figure [3]) the values of KR were 
obtained from the P-CMOD values using equation [2], which is only 
valid for fracture Mode I. In this equation, the parameters are as 
described in Figure [3], where function f(a) depends on the geom-
etry and is determined using the procedures described by Ferreira 
[4].

(2)
 

( )ap
f

BW

aPS
KR 2

51.=

From the analysis of the strength curves, it is possible to extract 
information about the performance of the composites in terms of 
strength to crack propagation. The final branches of the strength 
curves of the composites are rising, representing the post-peak 
phase of the loading history, where the gain of strength to crack 
propagation given by the steel fibers and microfibers is high. 
From Figure [13], regarding the matrix without fibers (CPA), the 
expected low strength capacity to crack propagation is observed, 
evidenced by the small extension of the initial vertical branch. This 
fact suggests the subcritical spread of cracks even at low loading 
levels, eventually caused by the absence of coarse aggregates in 
the mixture. Nevertheless, the presence of fibers and microfibers 
in the matrix slowed this phenomenon.
Even for small propagations of cracks (a = 0,2), the fracture 
strength of the composites with fibers were higher (between 33% 
to 18% depending on the volume of fibers) than the composites 
without fibers (CPA). The higher and the lower strengths to the 

Figure 11 – P-CMOD curves of 
the microconcrete composites

Figure 12 – Initial P-CMOD behavior 
of microconcrete composites

Figure 13 – Strength curves for 
the mortar composites
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propagation of cracks were obtained for composites CPA1.5A2.5C 
and CPA1.5A, respectively. From Figure [13], is possible to ob-
serve that the higher gains of strength were obtained adding the 
type C microfibers to the type A fibers.
The fracture strength gain was well evidenced, especially in the 
post-peak branch. Among the mortar composites, the greatest frac-
ture strength gain were observed for the composites CPA1.5A1.5C 
and CPA1.5A2.5C. 
From Figure [14], it can be observed that for small crack prop-
agation, the fracture strength of the composites CPM1A and 
CPM1A2.5C are lower than that one for composites without fibers. 
However, for more advanced stages of crack propagation, a > 
0.6, the fracture strength of these composites surpass the frac-
ture strength of the matrix without fibers. For the latter, the curve 
configuration (small declivity compared to the others) indicates low 
strenght of the material to the crack propagation. 
For a = 0.2, the fracture strengths of composites CPM1A1C and 
CPM1A2C were, respectively, 18% and 36% higher than the matrix 
without fibers. Compared to composite CPM1A, the increases were 
even more significant, 44% and 66%, respectively, demonstrating 
the beneficial effects of the microfibers on the fracture strength.  
From Figure [15], it is evident that the fracture strength perfor-
mance of the composites containing 1% of fibers improved gradu-
ally with increasing steel microfiber content. The same behavior is 
observed only for composites CPM1.5A1C-II and CPM1.5A1.5C-
II containing 1.5% of steel fibers. Additionally, the performance of 
composite CPM1.5A2C-II was inferior to the others of its series. 

4.	 Conclusions 

From the conducted research, the following observations may  
be established:
n	 The hybridization process is an interesting alternative for ap-

plication in the recovery of tensile bottom chord of beams, once 
the addition of microfibers to the steel fibers increased the ten-
sile stress in flexure and increased the flexural tenacity of the 
cement-based mortar and microconcrete composites;

Figure 14 – Strength curves for 
microconcrete composites – Stage I

Figure 15 – Strength curves for 
microconcrete composites – Stage II

n	 With the cracking of the cement-based matrix, the stress trans-
fer was facilitated by the steel microfibers, which being dis-
persed in the matrix in higher amounts, conditioned the crack 
propagation to the increase of the loading level;

n	 Considering the pseudo-hardening characteristic and its specific 
application, composite CPM1A2C presented the greatest quali-
ties among the products of the Stage I, designed for application 
to the reconstruction of the tensile bottom chords of reinforced 
concrete beams strengthened in flexure with CFRP sheets;   

n	 Among the composites produced in the Stage II, the behavior of 
CPM1.5A1.5C-II was noteworthy, as the hybridization process 
provided considerable increases in the maximum load as well 
as in the flexural  and fracture strengths.
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